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mBTRkQT 


A new class of formal models for traaslatlous named 
n-ssratax direoted translation grajiiHars is proposed; tlie models 
in this class seem to he sufficiently siiBple as well as power- 
ful. Some of the properties of the rangG languages of n-syntax 
directed tisa slat ion graimaars nsaned n-context free languages 
are investigated. It is shown that n-context free languages 
define an infinite proper hierarchy of languages with context 
free languages at one end of the hierarchy. 
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roBDfflCilOI 


Siiere bas been considejssble inteisst leeantlj in tbe 
foxisal specification of t nan slat ions, -'oise mQi&. bas been done 
in the past decade fon fomalising translation £xom higher lei^el 
profiramaing languages to asseablj lan,guages of eosputers.* foraaal 
specification of trsmslations between natural langiiages, howe'^er, 
seems still a difficult task. 

A compiler writing system like any translation system in 
general should be based on a model for the specification of the 
soxirce and the target languages and the specification of the 
translation between the two languages.: Ihe model should ideally 
be such that, 

a) She translation from any programing language to any assemb 
language can be completely defined in terms of this model. 

b) 'Ihe overall system based on this model is efficient, 

c) 5?he model is simple enough so that it is easy to special 

any paragramraing language and any assembly language and the trstns-. | 
lation between the twO:* , : 

She models presently available are either too complicated ^ 
making it almost impossible for an ordinary user to um thimi 
besides making the system based on them rather inefficient, or 
they are not powerful enough to be of much pmctical use* 
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fbis is one of tbe ipeasons wliy compiler writing sgr^stems 
are not in popular nse yet. Still tbe work done so far in this 
area has already had an impact in compiler writing, in «a»ple 
of this ira,paet is that one common technique in the constmctioa 
of compilers, presently in-ne^'i, is to speci% the eonrce language 
hy means of a context-free gmmtBx and then difiae its tran®-^ 
lation into the object langnage in terns of this grammar* 

Compilers utilising this principle are termed syntapj: directed, 
and several current compilers fall into this category (4)"^. 

In order to see what is lacking in the pMsently airailahie : 
models, let us briefly re'view how the specification of the source 
and object languages and the translation between the two is done 
in the presently available models,- 

It is now genesrally accepted that a centext free grausnar 
(CPGr) is a reasonable and concise formalism for the specification ; 
of most of the structure of a 'pmgmmiMg lan@3iage, Many existing 
compiler writing system® require that the source language be 
specified by means of a (usually) restricted) context free grammar( 
Certain constraints on the source language, such as proper declara- 
tion of identifiers or proper use of ^go to* statements cannot b© ; 
included in the context free specification of the language, 'Ifhore- i 
fore most compiler writing sg'stems allow the use of symbol tables I 
m the specification of the source language, fhis aspect of c«-* : 

piler writing can be formalised, A tomdXim has been suggested 
in (11), whereby context free grammars are augaented by symbol table 

1, lumbers in round brackets indicate the reference given at the 
end of the thesis, ' 
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2lJe sped float ion of tbe object progsais is tisiially made 
in te.iffis of the po.rse of the sonroe program., and irarious compiler 
writin{‘; sFsteats hate fonsaliaais for specifying the source code 
into object code, 

A simpler fomaliCT for describing' .translations on a ^ 
context free 'graTsar is the spitax directed translation grEuamar 
(SlffiCjr)(2,8,9, 10). Here I asccciated with each production of the 
underlying' Cf^ is a rule for permuting the order of the nonterm.i-. 
nal'S on the right' side of the production ^and introducing output 
symbols on the right side*. . Oi"ven a parst; tree in the CW, ?^ith 
a certain production used at some node, the tree is altered, at 
that ,aode by: 

(i) deleting descendants with terminal labels, 

(ii) reordering the nonterminal deBcendants according to the 
fixed rule, and 

(ill) introducing descendants labelled by output symbols# 

The translation of a gliren input j^ntence is thus produced 
by parsing the input, p.erform.iaf the abo'^'c operation at each 
node of the tree and taking the yield of the resulting tree as 
output. 

A subclass of syntax directed tranalatioa grasssar, ©ailed 
st-nople eyata* directed translation grammar CS.S33fQ) , allows no 
permutation o.f the order of nonterminals on the right side of a 
production (B|'. 
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I’lie aboT?® two foaoBalissjs (SIE'S anS SSSUG) tl 3 o«^: v&wf 
sirapl®, are aot powei*ful eno'ugb to- defiaae a large ©lass of 
traaslatiers, Various people bave tberefore propo®e4 fcufflalisias 
wbicb are geaeralisatious of tbe syntax directed translation 
grasraari so as to siaice the© more powerful deiricts (3*9# 10) « 

Geiser^ieed syntax directed translations (G-SBf') is the 
result of one of these generalisatioijs (3)* Here, after producing ^ 
a parse tne for the input a set of semantic variables (^ose 
values are strings) are evaliiated at each node of the tree. $h© 
value of © semantic variable at a given node depends only on 
the production used at that node and the Vfilue of semantic 
variables at its nontenainal descendants. It (the value) is 
fomd fro© these (descendant) variables and constant strings by 
concatenation.* one variable, defined at the root, rep»sent8 
the output* 

A formalism which can be considered as a subclas.;. of df.X)f 
is the I. semantics (9,10)* semantics are GSM'*s with only 
one semantie variable defined at each node# 

fhese g®neral.isatlons make the formalism for defining 
translations quite powcriUl but the simplicity of the Slffi*© is 
lost to a large extent* 

Iiooking back, we see that the formalism for describing 
the translation from the source to the object language particularly 
rectuiree serious attention* te would like to have a formaHsm 
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whose simplieitsr is nearer to that of Si/i!’s hnt wiiioh is at 
tha sajae time mo^re powerful, so that atieast some of the fea- 
tures of real life translations (fTOni progransning languages to 
assemhl^r languages) can he described through it* 

So make the above idea iMr© specific, let us indicate the 
type of traa^atlons that the laodel or formadiam should be able 
tc describe* 

All the prograiis in the ' source language comprise of a read 
ststeiientf an aritteetlc exp'rest4on stateiBieat and a punch state- 
ment* i'he BaT description of the source langi^^ge is as followss 

<prograia> is « <read Btateiaent> ^ <a*G,> <punch statement 
<37ead stateii!ient> 1 1 « ^^SlJ33^^<list> 

<liBt> ij » <var>,<Iist> 

<llst> It e <var> 

<a,e*> s! « <var>«<e3cpresaion> 

<expression> :i » <var>| <e3ipression><op><var> 

<var> IS =a Aj E I . • * j B 
<op> I s s= -| * 

<piaich statement > ; i *# PtliC13|^<var> 

The object language has besides other op-codes, the 
op-codess 

rOHG, BEIIiffi, BEAD, EBICH, BOAB, S2j^, MET, SOB,EKD. 

These op-codes have only one operand except the op-code EiB which 
has no operand* There is one acctamlator* . 
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mem&i Iioai tte progim in the ooiapnter starting at location 
400 (the above statement should be at the start of eveisy 
prog:ras) , 

means: Reserve proper lo-cations for the variable A (fhe assembler 
talcee care of the rest), 

imA0k 

means: Read input starting at location A, 

mMC0A. 

means: J?tmch the data located at A, 

means: Clear the accumulator and add to it the contents in 
address A* 

m0^A 

means: Store the contents of the accMulator in address A without 
changing the contents of the accnmulator# 

®?I)Ja 

means: Moltiply the contents of the accumulator by the contents 
in address A and store the result in the acctsiulator# 

StJBJtfA 

means: Subtract from the contents of the accumulator the contents 
in addresiv, A and store the result in the accumulator. 



iet us iufoiaaally describe the tijauslatioa through thf 
following two examples of progzBias ani their traaslationsj 

a) 

A=]j *C-.jy «£»F«.5 *1 

]?UI3CH)^A 

IIB 


i’he translation isi 
1}0RG|^400#B 

lBPIjpJ)5E#B.i3PIHE)jG#I®PISE)^H#BSiy|dB#EEAig(5C#RE^ 

LO oY)S£=#ST|^)Ji* 2#LOAI3)JB'#:’ PY)5C#S!ri^J5'j:+5#Slll^P# 

SBB^+ 1 +2=#S!JB^+3#Sf A#, 

h) 1EAB)IB,;G,B,E,I 

lUlCHJiJA 

me 

She translation is: 


A little thought will make it olear that: 

a) fh© range lanipiage i*e. the set of sentenocs in the ohieet 
language whloh are translations of sentences in the source language 
has got context; sensitiire features* One can also see that the 
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range Xm^mge is coateil; seasiti’sfe In a ratfeer restricted sense 
in that e-veiy sentence in the laage language cm he brolcea up 
intc four parts and the language eoap rising of the first part of 
each sentence in the ^tnge lanjiuage is context free. Similarly # 
the languages comprising of the second* third and fourth part 
of each sentence in the mage language are all context free, 

h) In the process of translation a counting operation has 
to he performed, Vm can, howeyer, augpaent a model of translation 
?4th a counter. If the computer in um Is a push doim machine, 
there Is no need of a counter* 

The ahoye ohaervatlons indicate that we can perhaps express : 
each sentence in the object language as the concatenation of four 
sentences each of which is generated by a context-free gjsmmar and 
the four* context-free gramaars are coupled with each other in some 
manner. Various questions would arise out of it. for example, 
suppose there is a way of coupling four context free gmmm&rs so 
that the ahote range language is generated, what will he the result : 
if we couple more than four context-free grammars in this manner? 

Qr to put the oMstion in a general frame work, if n (>^ 2) context 
free gramaars are coupled with each other, will the class of l«aj- 
guages generated he the same for all n or will the clas,, of language) 
he different for different n? If latter is the case, will these 
de-vices form some sort of a hierarchy? 

Our interest in this thesis Is to genemlise SlffiCf*s in a 
manner indiooted in the aho-ve paragraphs and to do some investiga- 
tion on the class of translation models that we will define, fe 
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will see that oae of the aodele of the class of traaslatioa 
Bodels that m will defiae ie able to deacrihe the tmaslatloa 
that we hate been talking ahoat (au©Bcated with a cotmter if 
the eompater in use is not a pushdown aachtae)* tfe' will' foisaslly 
'define this tinnslation in Appendix A)* 

Is Chapter 1:, m give the hackground sate rial for our 
work T?ia, results about and context-free languages. 

In Chapter 2# a clas.,. of sodels for translations named 
n-syntax ttreeted translation graimaars (nS'OTG-*s) is defined. 

In Chapter 5* we inrestigate some properties of the range 
languages of aSbTG’s. 

In Chapter 4t we conclude our work by giving come ooniec- 
tures and suggestions for future work*- 

In Appendix A, we give a gremmar which describes the 
translation that we have been talking about in the previous 
paragraphs. 

In Appendix B, we propose a class of machines which we 
feel characterise the translations defined by nSlSG-’s. 
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SYLTAl BIEBCSEB fRMSLAglOIS 

Is tfeig ebapter, sfeall praaest saaje concepts and results 
is context f 2 ?ee languages asi spitax directed translation grassaars 
Ihis we do to paw grotaid for tbe exfcensions that we 
shall propose in later chapters# Except for minor changes in 
tenaiaolog|- the material pw-sented in this chapter on context free 
languages, has been borrowed from (S), and that on syntax directed 
translations fiam (2)# fh® piaofs of results stated can be found 
in the ahow rs'ferences* In section 1»1, we giw some necessary 
definitions and results about context free languages# In section 
1*2,. syntax directed trsnalatinne are described, in section 1#3» 
a class of machines called pushdown ass®iblers which characterise 
syntax directed translations, are described# 

t«1 Context free l.anguage8 i 

A context free grammar- (CM) C is defined asj 

S « V s. s)\ 

Where.' ¥g and are disjoint finite sets of i?ariables or non-^ 
non-t#»ii%ls and te.rminal 0 , respectively* S# in %» i.s the 
start symbol * P is a finite set of productions of the fom 

1* '■ We use the symbols C and P to denote giaaaaars and productions 
respectively in a geissral sense* the type of grammar and the 
■ type of productions denoted by C and P respectively depend on 
|.the context of their use.# 

/. 

/ . 




H 

1 - a, ifttoere A is in -V,. a in (m conventionally 

tenet# tf ¥2 fey ¥), If A -* « is in P, p and T in 1*\ tfeen we 
say'* pAY =w: par (®€ say pAr directly derives per In graasa-ar 
u')* 'Ibe Illation ==> is defined as follows (we say a derives 
p in graiaaar 0 if a b)j 


Cl) 

a ass^ 

5 

a 

for every a €: 

f* 

(ii) 

■ If a 

*• 

. p *1*0 T then a 

G 

.ifr-vV 

Q 

(ill) 

lever 

is a 

p imless this 

can fee dedmeed from 


a finite nnmfeer of applications of (i) and (ii), 

Ifee laagtiEjEje generated fey & denoted KG), is 
l^wjw is in S a^> « LCG) Is oalled a eonteact free 

lananage (CHj)-. a string of texsaiaals and non-tersiinals a is 
ealled a .sentential fors if s »=> a* 

Csr 

A tree is a finite set of nodes connected fey directed 
edges . Kdsiefe .satisfy the following tferee conditions (if an edge 
is directed £mm node 1 to node 2, we say tfee edge leaves node 1 
and enters node 2): 

1* ffeere is a tmigine node called tfe# root , wfeiefe no 
edge inters* 

Unless otfeeiwlse stated, the following naming convention sfeall 
fee need tferongbomt tfee following pages* 

We shall nse capital feat in alpbafeet letters for variafeles (non 
(non-teroailnals). Lower case letters at the feeginnlng of the 
‘ Latin alphabet are nsed for terminals* Strings of terminals 
are denoted fey lower case letters near the end of the Latin 
alphafeet, and strings of variafeles and terminals are denoted 
fey lower case Greeie lettere. 
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2. emh in tbe ti^e there exists a seQtiesce of 
directed edges frasi the root to the node i.e* the tree is 
coimeeted* 

3* i;xactlj oae edge enters every node except the root# 

fhe set of all nodes such that thei« is an edge leavisg 
a given node m and entering n* is called the set of direct 
descendants of a# A node n is - called a ^ descendant of node m if 
there is a sequence of nodes n^t ng^ such that « n, 

n^ « and for each i> is a direct descendant of By 

convention, a node is' a descendant, of itself* 

Por each node in the tree, %ve can order its direct desoendani 
Let n^ and Ug he direct deseendants of node n, with n^ appearing 

«arller in the ordering than ng. Ihen we that n, and all the 

descendants of n| are to the left of Sg and all the descendants of ; 

Hg* 

Let G « (Vj^, P, S) he a GPa# A t»e is a derivation trei 
for Q if! 

1# Every node has a label « whida is a syHihol of ¥» 

2*^ fhe label of the root is S» : 

3* If a node a has at least one des^eeadant other than itself^ 
and has label A, then A laust be in 

4# If nodes n^, Hgt •*#, are the direct descendants of : 
node n, in order fr« the left, 'idlth labels kp Ag, *•#, A^t 
respectively, then A •* ^ ^ production in F# 

nodes of the tree having no descendants other than them*- 
selves are called le.aves of the tree* 



If we read the labels ©f tbe leases of a deri^atioa tree 
freia left to rl^t, we have a seateatlal £om, Ve call this 
string tbe re salt of tbe deri'«^atioa tree* 

^ g«-ttxec of a deriiratton tree is a particular node of 
tile tree togetfeer with all its descendants, tbe edge-s ■comectiag 
ttea, aad tbeir labels* 

A batb in a tree is a seoaence of nodes a^i a^, ***, n^j., 
sach tbat is a descendant of for 1 £ i < k* fbe lengtb 
of tbts path is k-t* fhe depth of a node n is the maxijtB\aa length 
of a path n^, ag, .**, aj^, snch that a^ * a and is a leaf* fhe 

depth of a tree is the depth of its root. If a is a node of a 

tree,, then by deflait,ioa, there mast exist a miqae seqaenee of 
nodes a^., ag, •*., a^, sach that a^ is the root of the tree and 
njj. * a* I'hea the leirel of node a is k-t* 

We now state a theorem which relate s the seat eat ial forra.8 
of the graanar with the resislts of its derimtioa trees s 
Iheorem 1*11 : 

.Let G « (¥^, ¥^, S) be a context, free grammar* fhea 

for « ^ "S »»> a if and only if there is a deriiration tree 

in graumar G with re'Snlt a* 

1.2 Syatax directed translations i 

A tasAsa SS 5f *«» a««e Yj, to finite alphabet 

f^g is a snbset of x ¥|g* (If X is any finite set of symbolst 

we ase X* to represent the set of finite length isfe,riag0 of ^bols 
in X, including the empty string e)* 



/ji elemeiat of sucb a tmaslation 2 will be demoted (w,x), 
where w is in ani x in ¥^ 2 * fhe domin h of a tranalation f 

is defined as for some x in ¥'^g, x) is in 2 j • the range 

R of 2 is defined as ^xj for some w in (w, x) is in fj * 

Clearly, ¥*‘^5 

A syntax direeted translation graasaar (BMQ) H is defined as: 

K ■= (Vg. Tj.,, Tjj, R, S)’, 

u-here Vj,, Tj, and aw finite sets of X ^| . afeleB ,J af . npn-teiM , ^al . . 

Inpnt symbols and ontput symbols ^ respectively ♦ Yj^ is disjoint 
from V^DVjg. S, to ¥jj is the start symbol . E is a finite set 
a term v^ich we shall define fully after giving the 
following two anxiliary definitions! 

^ p®i3Butation It on k objects will be denoted 
Cl,. Ig, .... ij. Where I 3 , for 1 < 3 < k la an Integer between 

t and k, and ijjj / i^ if » / n* x(3) is defined to be i^} it (3) 
is that k snoh that n(k) « 

A t raaslation fora of 1 is a triple {a, p, tt) where e is 
in C% n P i® C% U sdfi % is a peifflmtstioae fhe 

a\imber of variables to a and p mnst be eqnal,. say 1 to each ssid 
the nnmber of appearances of each variable to u md p should be the 

1* fe use the symbols H and E to denote translation grammars and 
rules respectively to a general sense.' $he type of translation 
grammar that H denotes or the type of rules that ccaaprise R 
will be clear by the context to which these symbols cce used. 

2. We shall be using this term to latir chapters aleo. 
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saiae* % mast thm be a pematation on k. objects, fos? all i, 

** 1. ^ 1 i-*tb 'Variable of a (feom tbe left) is tbe saaie 

as tbe n:(i)-tb variable of fi (from tbe left)* ive say that tbe 
i-tb irariabl© of a and the ■stCD-.th yariabl© of p oorgesnoad * ^ 

^ -g&g. is an object A •* (a, p, ie)* viaere A i£. a Trariable 
and (at p, «) is a t'zaa slat ion form . 

Suppose; (a^, is a translation form of H and A the 

i»th mriable of from the left*. Also, suppose A — (Y', §, Tt) 
is a rule* fhen we can construct a translation form (or^f pg, ttg) 
by replacing the i-th variable of by Y to obtain Cg 
ii^(i)»th variable of p^ by o to obtain pg* -jsg is the peiniutaticn 
such that the variables of other than the i-th correspond to- the 
same symbol is pg as in p^ and each variable of T corresponds to 
the variable of & to which it coiscesponded according to is* We 
show’ that %2 can alv^ays be constructed, ae follow:.* 

Let have m variable©, m > 0*. itg is defined bys 

(i) For all j < i, if «^C3) < i5^(i)f tEgCj) = 

and if iK.|(j) > lu^Ci), then ^2^3^ ** * ®*1* 

(ii) for all j > i» if iS|C|) < •re^Ci)t itg( 

and if then iigC j'-Mfi-l) » ii;|C3)+ffi-1*- 

(iii) For all d, 1 < d < m, isg (i + d « n^Ci) ■*• %(&) » 1* 

1, If it ie obvious which variables of a ©ad p correspond, beceuae 
no variables appear more than once in a or ,s# wc shall often 
omit the permutation and write the translation form as (a, p)* 
If there are, no variables in a, p, there is obviously no need 
of having the permutation present in the translation form* 



We say, if ali af tlie aboTO is true, that (a^, it^) 

^®1* Pf* ^1^ directly aeriiyes 

(ug, iSg, lEg) in gijamiHar H)* 

>:^3£amule l..2t : 

Suppose Cu^, p^, ?i:^) is a translation foa of @®»e H, 

let « aABbBba, « BccBid and it ^ * [3, 1, 2]* note that tlie 
last B of is identified tvith tbe last B of since 7s^(3) * 2* 
Bet B » CaM, ' oMd, [2, 1^ ) be a rule of ii» We 'Can apply tbis rule 
to tlie last B of and tfee last B of to show that .(u^ tt,|) 

p2» ■'^g) where' Ug *= aJkBhaiiba, pg * BcccMdAd, and' 

%2 * 

We define the relation byi 

(i) (a, p, *) i? (o,p,ii). for every a 6 (Vy II and 

p e (Vjj n 1^2)* 

(ii} p^, ic.|) {ug* Pg* ^2^ aO'd Cug# P2* ^2^ 

Csj# p5» %-^) 'then (i&p p'^, '^> Ca^, p^, w^)# 

ii ** I 

(We say that (a^, is^) dgriyes (a^, in graEsnar H)l 

The syntax directed tr^slation (SBS?-) defined by H, denoted ; 
f (H) is ^ ■ ■ ' I 

y)l(S, S) »^(x, y) and X e y 6 "*^2! ^ 

1« Hot© that permutations hate been omitted from the translation 
forms related by since bbrniously, w® will not get any 

additional informatics by having them present in these trans** 
Istion forms. We will aiw^s omit permutatione if it does 
not result in any loss of ^formation.. 



te 130?.= state a result wbicfe eliaieaeterises tlb© donalia amt 
Msge ef ass' syntax disjeetsd traaslation. 

LemiBa 1,21 : 

file doiBain and range of any syntax directed translation 
are ca*©. 

It lias been mhmn that tbe domin of f ' smell that f « f (H) 
for some Sl^G H « R, S)* is generated by tbe CPS 

^i * mbere 

j? e “* a| for some p and.nt A -♦ (a, p, ti) Is in. R J , 

is said to be tbe inpmt grasaaar of H« Similarly tbe range of 
f bas been shown to be generated by the OFCr Gr^ « (Vjj* ¥^g, S)t 

where R *« ^A pj for »»me a and^is^ A (o, p» %) is in bJ* 

ive now define a restrioted type of SMQ called simple syntax 
fltrected translation graamar (SSSfG)* 

If H « (fgt E, S) is an SSfG such that for all 

A («» Pi x) in 1* X is always an identity permutation# then H 
is mid to be eiiBple syntax directed translation grammar (SSEfG) 
and f{H) is called a simple amtax directed translation (SSKT), 
Obviously. I in an SSMG# there is no reordering of the yar tables 
appearing on the right hand side of rules*,^ fhe following theorem 
establishes the relationship between SJ3f*e and SS33f*s* 

fheoretn 1>21 i 

SSDf*s are a proper subset of the SEf’s, 

1* While dealing with SSMG*® we shell invariably omit the pemu* 
tat ion and write the traniflattoa form a® (u* p}. 


It fea® hmn Bhovm that the traKslatioa defined hy 

the sm'&i 

a» h, e|, E, S), 

Vihere R conslsft-s of the xnles: 

S «♦ (AcA^ ACA, £2» 1]) 

A - (aA, aA) 

A -* (Mf bA) 

A - (a, a) 

A *♦ (b, b) 

cannot be defined by any SSSfG* On the other hand^> an SSIXTO* is by 
definition also an SMG. 

We shall now define the order of S33!l?’s. ^ Based on this 
definition an infinite hierarchy, of SHI's has been established. 

An SBIG H « (¥jj, ?g,^, E, S) is said to be of order 

E if for all rales A -* (a, p, '^) there are no more than k 

irariables in a. An SIS! $ is of order k if 'I » $(ii) for some 
SHC& H of order k* 

fhe hierarchy results are- as followssCtIjj, isset of SBC's of ordi 
Theorem 1»22 ; 

1g properly contains 
fheorea 1#.23 t 

3 2 ** *^5 
Tbeorwi 1,24 i 

lor each k 2 4-, *3|j. p-roperly contains 


H 


( {S, aJ * b, c j, ^ 



It haa been sbom that tbe set of txs®,slati©n k ^ 4., 

dejCiaed as follows, axe net of orsier k-l* 

liSt 1 be an integer greater than 1, Define itg^ to be the 
■pomutation i+2,2, 2i, i], fbat is, « [3,1,4,21, 

i5g * [4,1f5,2,6,3j , etc* Define peiasntation 

[i, 21-2,2, i-fiji-ll. That is, « [5,5,1,4,25, 

® [4,7,1,6,2,5,31, etc, Let tb© iapat as well as tfee omtpmt 
symbols of tbe taranslatlon be a^, .**, , 

Ty, is defined to be the tmaslatlon: 




d. 


%c 3 
a, . , b 


t |j ^2 

1 


, 3 Jr 

\ ' 


for 1 < ffi < k, 


“2 •** “k 

^ i \(a) “ hia) ' 

1,3 D uabdown assemble ra : 

In this .seetioa, we aball describe two classes of maoblnes 
called 2ype A pnitodown assemblers (APA) and type B pnsfedown 
aO'Semblers (BPA), fiesults have been est^liabed fjbicb relate 
these maebines with the SIS^s, As w@: #jall see, pnsbdoim 
assemblers are pmsbdown automata (PDA) with additional features. 
So start ¥/itb, ¥rc «ball therefor© giire a onalitetiye description 
of .PDA, 


A pushdown automaton (PDA) is an abstract machine consisting 
of a finite state control attacbed to a p\isbdown list, fb© finite 
control has an input terminal at wbicb input i^bole appear when 
requested by tbe finite control.*. Ibe pushdown list can contain 
any finite length string of tape symbols. The finite control can 



read the too symbol of the list, aod in any move can replace the 
top symbol by a finite length string of symbols, including the 
empty string# She devics is nondeterministic and may have any 
finite inauber of choices in each situation. A se-rnence of input 
symbols is accepted if some choice of moves of the using 
that se<|uenee of inputs causes the pushdov.n list to becosa® empty 
or causes the finite control to enter a pre specified state called 
the final state of the machine, $he language accepted by PM is 
a context. £me language, and every context free language is 
accepted by a :P.v.A. 

\«e shall now describe the type A pushdovai assemblers (APA*s), 
Here, associated with each tape symbol on the pushdown list are k 
passjive registers. A ta,pe ^^bol together with its registers is 
called a ’level », Each register can be empty or -hold a string of 
output spjhols. Such a situation is shown In Figure 1,51, where 
k » 2 and the pushdoTO list contaln.s the tape symbols CBA, with G 
on the top of the list, As.sociat®d with A are two regidtere , the 
empty (0 indicates an empty register) and the second holding string 
w. Both regloters associated with B are empty, , fhe first register 
assoc.iated with G contains string x while the .»B.cond register is 
eapty#^ 

G X S 

® J* a 

A 2 w 


Figure 1,31 


Suppose c, at tile top of the list, is re-plaeed hy 
Eii. Symbol i) would replace C lu Figure 1*51» and E would appear 
abote I) With empty registers, fhe result appears to Figure 1.32, 

S 2 

X 5 

2 E 

Figure 1,32 

I'he API can write a finite string to any empty register at 
the highest level, tor example, it could write y and z to the 
first and second registers of the top level, leaving the situation 
of Figure 1,33, 

1 y a 

3) X 2 

B i 2 

A ^ w 

Figure 1,33 

If the top tape symbol is emsed, the contents of its regis- 
ters are concatenated to order. If a register is wapty, it Is 

treated as though it contained € (the empty string), fhe resulting 
string then ’waits* at the top of the list to he plaoed, m the next 
move, in an empty register. If S to Figure 1,33 were erased, ys 
would he passed down to the level helow and would appear teanpo- 
'rarily to the left of B as in Figure 1»-34, 


E 

B 

B 

A 


y 33 B 3C 3* 

mm mm 

E 2 3E ' 

1 w 

mrnx^ 1«34 

lejrtg is places Is as espty aregleter at tiie tap lemX* 

Is tfeis ea.se, it asst Be the secesS segistes* If tBe kPA tries 
to write into a register itiicB is' sot empty, it as4 eas 

make no ftotiier moves, figure 1,34 tlius sBoiitlii become Figure 1.35. 

B X yz 

■mm i fww wiii i 

B 2 I 

A ^ w 

If next, B were erased and tfee string re'Sultin,g from tbe 
coscestratioa of its registers were stored is tbe eeeond register 
of ttje next lower level, tbe list woiald be as in Figure 1,36» 

B J xyz 

A T w 

mm mm 

Figure 1.36 

Finally, suppose that on successive moves, B is erased, 
i’be resulting string, xyzw, would Have no place to go, and will 
be deemed output of tbe APAf xsrssw would be deemed a tmislstion of 
ftbatever input string causes tbe Beq.uence of moves, tbe terminal 
portion of wbicb we have been describing. 



w@ shall aow foj?ai.allj 4e scribe a l^-segistar type A ptishdovaa 
assembler (kAPA)i 

A k/a^A M is defined as: 

a * CQ, ?!, A * P # t K * » %* 

where Q, s, A , and P are finite sets of states , input ayahols , 

0, atPht syahols and tape ginahols , respeotitely, in Q, is the 

„itart.. state, in P^ ^ is the start gyrnhol , ^ and ^ are 

mappings which indicate the allowable lao’ves of 1. ^ controls 
changes of the tap© symbols (not register contents) on the pushdown 
list, controls the entry of finite length output strings into 
registers, controls the insertion into registers of output 
strings which hate been displaced temporarily by the erasure of 
the top symbol on the pushdown list (as in Figure 1,34), 

A is a Biapptog from Q X ( s B [ej ),r to the finite 

subsets of c A 'p*. 

If A(p» a, 2) contains (qt 6),- then, if the topmost: tap© 
symbol is 2, ffi can erase the top lefel, transfer frcmi state p to 
t and use 'input a (possibly €)•, -If A(p, a, Z) contains 
(q, Xg ® 2. M can, replace 2. by ^ at the top leyel, 

then grow new lewis on the top O'f the pushdO'Wn list with empty 
registers 'iind tape spibols X^j» Xg, O'rder fsw the 

top,: 

1, $he symbols If /A t N § ^ are used in general sense, fhat 
they specifically denote will be dear by the context of 
their use, 

2, While tallciag about machines, we shall be using capital lattn 
alphabet letters for tape symbols*- 


is a sapping from Q x. (5: II {g] )x P lJo tbe finita subsets 
oi (4 X ^*X f ) k^» 

PCp* ^9 contains (q, x, i), tben wbeis Z is tfee top 
tape symbol, M can use input a, transfer fiom state p to q aai 
write output string x In tbe i-tb register of tbe top level, provifie 
that register is empty. 

'iT is a mapping from Q x (s u IQ})jcP to the subsets of 

2, kj. 


If V(p, a, Z) contains (q, i), tben if Z is tbe top tape 


symbol and tbe level above bas ^ust been erased, H can use input 
a, transfer from state p to q and store tbe data passed from tbe 
level above in tbe i-tb register of tb® current top level* Again, 
that register must be empty 

^ Qonflmmtion of M is denoted (q, a), vibe re q is in Q, 
and a is a string either of tbe form ^'t'^1^2'^2 *'** 

[w] 2 ,t,Z 2 tg wheie 2 ,, Zg are in r , 

t^, tg, #.*, tjg are k-tuples of elements in ■ and w is 

in , t., 1 < i < m, represents tbe contents of the k registers 

jL ' Hi*#. 

as^ooiated with denotes an empty register* fbe string & 

la prefixed by [w] if a tape symbol bas been erased on tbe previous 
move, a condition akin to that of Figure 1*54^* 

I* i^en dealing with a k^register type A macbine (kAPA), t^ will 

stand for tbe k*tuple (^9, ***,n>)* ’P^en dealing with a 
k*regi 0 ter type B machine (kBPA), which we shall discuss later, ■ 
to will stand for tbe k-tuple C** 2bere is a need 

to differentiate between empty register and register containing 
empty string because of tbe requirement that we can write in a 
register only vben it is empty i#b» contains no string, in case 
of kAFA* 




ibr ally q in Q# a in 3: U , 2 in ? laifi k-table t, 
suppose ,A(q, a, I) contains (p, 2^, 2g, ,*•, ^), a > 1,. tfesn 
we aay write, a:(q, 2ta) ^ (p, 2^^^^ t^ gg^ta). 

It m » 1, then we aay write, 

a : (q, 2ta) (p, 2^ta), 

If A(q, a, 2) contains (p,. S), then v*e write, 

a : (q, Wg, a) Cp»Cw^Wj, **.'w^Ja), 

Here- w^¥/g ,,, w^ is the concatenation of Wg, **., w^, with <|> 
taken to he e* 

Suppose q,a,2) oontaiHB (p, i), then we my write, 
a t (a, [w] 2(x^, 3£g, .*•, 3 s^) a) 

CPf Z »«.«, Vi, W|j.) a), 

provided , Finally, if f\(q, a, E) contains (p, 'w, i), 

then, w’e May write, 

a • (q, ZC3C|, Xg,, «*.*, Sj^) a) (p, Z(x^,, *, 
again profited ^ * 

She syobol is define t as follows i 
Jbr any configuration (q, «), 

® * Cftf «) a)* For w in ?:* and a in s U , 

if W : Cq^, a^) (q^, Og) and at If (%# « 3 )f then 

wa t (q^, a^) |f (q^, ^ 

translation defined hy M, d«aot«d (M) » la ^ 

^w, x)|wi (q^, Z^t^) (q, jxj) for some q in Qj* 


i’toe type B pushdovai assemblei? (BPA) differs from tb© type A 
pusbdovfli anseisbier oaly in tlie omtpmt strings ean fee irlored 
in registers, fbe BFA always concatenates strings to tfee leffe or 
right of the present contents of a register* !^fee BPA is thus a 
allowed to write into a nonempty register* fhis modification 
extends the range of translations definable hy a pnshdown assemhler, 

forfflally, a k..register tyre ' B pushdown assembler (IsBPA) 

M ia defined asi 

M « ( * 4 f P » > fA »V^ f 2^), 

where all syiBbols (within parenthesis) hai?e the same meaning as 
for the A?A excepts 

(i) ^ maps Qx (n B (ej )xr to the finite snbaets of 

Qx A*x^1i2,,.,, 1,E^* If H(pfa»2) contains Cq,x,i,l), 

then M can concatenate x to the left or ri^t end of the contents 
of the i-th register at the top lerel depending on whether B *» B 
or E,. reepeotlTrely*. 

(ii) yT maps Q x(s B [e] )xr to the smbsets of 

Qx ^1, 2# **,, kJx|B, rJ, If ^ (p* 2) contains (t* 1» B)* 

then l' cffls concatenate data passed dovm from the level above to 
the left or right of the current contents of register i of the 
top. level., depending on tfdsether B « I» or E, respectively* 

oonfignnation of M is denoted (t,. a)i as for the APA. fhe 
k-tupies in string a are compoeed of eleiments in rather than 
. Sor a BPA e. instead »f ^ can be »»a for an e»®ty 

register*^# ■ 

t* As noted earlier, in case of KPA, will denote the l&-tnple 

{6 |£ ee-Sf 




X7 


TM ^hol is iefiaed hfx ■ 

(i) If AC<|» a» S) coatains (p, , 2^), m > 1, tben 

a * (q, :;t«) (p.iiiV2^0 ••• - 

(ii) If A(q, a, 2) coBtalas (p, Y), isliea 
a : (q, Eta) (p, ita). 

Ciii) If A(q» a, Z) coatatas (p, e), ttees 
a » C ^*^2* • * * t a) (Pf- a)« 

(iv) If "^(q, a, 2) ooataias (p, 1, 2)), thea 
a * [wj 2 (XjjjXgf • # * # 25^^} a) (Pir 2(y|,ygp * ^ * I Yjj.) a)# 

wiaere y^ « 3c^ for i» or x^w, as D « I. or lit, 

(y) If f^(q, St 2) eoatains (p, w, i, !))» thea 
a » (q* Z( 2 <;|iXgt c**^ js^) a) I^Cp* 2(y^.^ yg* »«*f y|^) a)! 


ivbere y. t= x. tor 3 / i a^ad y. » wx^ or x.w as D « L or R# 

tl 4 X X J* 

Ilie iymboi is defiaed from smctiy as for tfee Afi« 
£lie t3EBBOlatioa defintd ter M,. deaotsd is 

{(w,x)|w i 2^t^) (q, jjJ) for some q in q| . If M i» #. 

Jc-regiater BPA, tten 't^(M) will Im oalled a B^traaislation of 
order &* 


W© steall nm ©tat© results relate tlit pwstidowri 

asaemtslers with th® ayatax directed t ran slat lose* 


I , ! 5. 


a translation I is an SB® of order k > 2* then f « 



for soa® 


2,8 


fheoTOB 1.32 i 

It f. « (1) for a Is: m «= (Q, si, A , P , > » > *%*^o 

t&er i’ » f(H) for aa BmQ H « Yj.g* S, S) of orier Jc, 

Tfaeorea 1.53 s 

If $ is m Sai of order 23£> tfeea 2 is defined by a IsSPA I-!# 
fbeorem 1«34 t 

lor Jc _> 2, there easist B-traaslatione of order k fdsieh are 
not SJfL"'s of any order. 

fheorem t.3.5 i 


If 3f is a B-translatioii of order 1, then f is defined hy 


a 2-regiat«r APA* 


fheoreia t»36 ; 


A translation f is a slffpie syntax directed translation 
C$SM!) if and only if 5 can be defined by a pmshdoma transdnoer#' 

fbeoreia 1«37 ; 

A translation f is definable by a 1«.register ri#tt conea- 
tenatlng BPA if and only if f is mi SSM^: 



QllAFSm 2 


II SIMTtX DIMOSm ^EAMSLAglQIlS 

la tfeis abapte:r* m- shall propose a sataaal ^ueawalisatioii 
oi' the eoiicept of syatax directed translation graEm^ars discnsi^d 
to the previous chapter* Vs'e shall also generalise the concept of 
contearfc free laagtaages so as to characterise the range language 
of JKsyntax directed translations. In section 2,1, we define 
n- syntax directed tranalatioiis* In action 2,2, we define a-context 
free languages and show that the mage languages of n-figntax 
directed translations are the mm& as a-context free languages, 

2,1 n*.Syntax directed translations ; 

An a*. syntax directed translatioa: gragaaar (nSMfS) H is defined 
as; 

H ** "^52* * 

where' ¥|^, ¥g,^, are finite sets of non-termtoals ( 'Variahlea ) , 
.input symbols , and output syBifoola, respeotlvely*. is disjoint 
froiB "^$2* is the gfcart syiahol , E is a finite 

Ss2&S&5 '*'® ®**®ll define this term fully after giving 
the following definitions 

In n»»translatioa forra of H iss 

(a* (p^# •,«§ Cpjjt ®u))» 



Vihere, a is la (1,'^ v Pj_, 1 < i < a, ia in (Vg D V^g)*, 

^1% Pu S and 71^9 ^ S ^ S is a i^smntation, f&e 
nnnfeer of '^ariafeles in & and Bust tjo eciml, say k in eaek and 
tbe auBfeer of appearances of each Tariabie .in a and should 


he the same* B.ust then be a pezsutation on k objects* lor 
all i and j, 1 ^ i £ k, 1 £ 3 <. n» the i-th variable of a (from 
the left) is the saae as the ^jCi)*.th variable of (fiom the 


left), V.e say that the i-th variable of a and the iij(i)»th 
variable of corresoond^ * 


-to. a»'rule is defined ass 


A (a, (p^, %^)t ..., (p^» tCjj)) 

where A is a variable and (a, le^), ,,*, (p^, u^)) is an 

n-tranalation form. 


Suppose (a^t (p.|.|* Cp-j'i-j* n-translation 

form of H and A the i-th variable of fmm the left. Also, 
suppose A -* C^i (o^i it|)* ..** CSjji TSij)) ih to n*.r«le, fhen we 
can construct -an n-tran.9lation fona replacing the i-th variable of 
by Y to obtain sg and the variable of by 5^ to 

obtain pg^, 1 jC 3 jC n, vg^ ia the permutation such that the 
variables of a<| other than the i-th correspond to the sac^ syml^ol 


in pgj as in 
of dj to Which it corresponded aocording to S|* 

1, The term permutation has been defined in the previous ebaptep, 

2* If It is obvious which variables of « and p. correspond with 
each other because no variable appears more'^than once in a or 
p. w® shall often omit the peacsutatlons from the n-translation 

toss. 


and eahh variable of Y mrresponis to- the variable 


foiraally, let m variable s, ^ > 0,%2-i fiefiaei by: 


23 

(i) Ibr all k < i if (k) < (i), then sg^Ck) ** % 


1 | 


and if z^^(k) > z^^(i),thea ® Ck**®-1). 

Cli) For all k > i# if then iEg^(k 4 iiw 1 ) « 


and if ic^j(k5 ^ then ^13 ^k.}+EWli 

(iii) lor all d, 1 1 i < a, (i^d-l) « (!) 4 

If all the ^abo’ve is -true,, we sa^ that. 


We define the relation =»> as follows: 

ii 


(i) 

(St (p-ji 

» 

e e # f 

Cp'u* *|=>(a,(f 

^•| f **-j) » ♦ * * 


for 

eyery a 6 ( 

[?g U ’ 


and 3, 

i ^ 3 4 ^ 

r e (% ,^ u 

\2> . 

(ii) 

Ii (a^, 

(P|-|i 


1 # # » f 

(Pto« ’'ta» 






«s> 

H 

(Sgl- < 

^•’21* ’‘21^* • 

■ * .f Cpgn * 

«2n)) 

and 

^®2* ^^21* 

itgl)« 

m • |r 

^^2a» 

*2a)) 






5883©^ 

H 


(P^tf **^<1)* * 

'*** ^P 3 n'* 

« 5 n)). 

then 

(d^f Cp'j'i 



CPl2i»' 

"ta^- 




1 ^? ■'(ffij, •••, Cpjn# 

Ihe n^syatax directed taaan^slation (nSM) defined by H, 
denoted fCH) is* 

^(x, y)|{S,s,.**,S)^ «> and y » y^y^ ... y^j. 


1,, Unless otherwise indioated m s^aXl thron^ont use the notation 
A)u to repressent the a-tuple CA,A,,,*,,,A)*, 


32 . 


Emmnle 2»li i 

V.e ^Qli give an eacaiaple of 2SB5? witfe n * 2). 

iet ii « ( |.S,ik J , E,S) 

feo a 2SI®0 where R consists of the 2-rales; 

1* S -♦ (AcACiCAcAc, 1^2,1]), (AcAc, [ 2 , 1])# 

2* A -*■ (aA»aA,,aA), 

3* A (bA,M,hA)'* . 

4* A (a,a,a)jf and 

5* A - (b,b,h)* 

By the first rule tn R 

(S,S,S) *«> (AcAe, (AgAc, [2,1]), (AcAc, [2,1])) 

li 

lew we can apply rules 2, 3,4, 5 to replace to irariahle A* Ifote, 
howeyer, that while the use' of rules 4 or 5 replaces A hy a symbols 
a or h respe'Ctively, use of rules 2 or 3 replace A*s hy the strings 
aA*s or hA*8 respeetitely which contain eacaotly on© A,- fhus, the 
only seciuence la- which th-e xulss can he applied is applying role 1 
first, then applying rules 2 or 3 any ntisjher of times (inclining 
not applying them at all) saad fin^aily applying 3c«lee 4 or 5 as many 
tiE-es as in necessary* It is easy to see that this way 

{S,S,S) sSs>(wcxc, xewc, xcwc), 

' H 

where w, x 6 ^a, and f (H) contains all pairs 

(were, xcwcxcwc)* I‘hat these are the only pairs in ${H) la clear 

from the ahote argument. 



If f a I(K) for some nSIS?C H a fg,^, e, s), thm 

the domain of T is C$I»* Mt e^mple*. the domain of T is ^nerated 
hy the QM d « $), where j? « for some 

P'l» *#»f pjjf A ”• (a# (p^#ii^)f #■*«* ^ * 

As the ahofe example ^ows, the range of 1', In general# is not 
Cl'ii, In the next seetion we shall geaexalise the coneept of 
eontexfe free languages# so as to charaeterise the range of f # 

If H « (?g., S) is an nSMG such that for 

all A - Ca# (p^, tc-j)i •#,, (pjj# »jj)) in R# 1 i i® 

always mi identity permutation# then H is said to he simple ant 
f(H) is eallet n^simple syntax tirectet translation (nSsm)*, 

An nSMQ H « (?g, V 2 , 2 # -R* S) is said to he of order h 

if for all roles A - (a, Cp^,# i5|)# •*•# Cp^j# in a, there are 
no more than k wriahles in a* An nBlM f is of order ite if f » f (h) 
for some nSIffiG of order k« 

2*2 n»Coatext free langoagew s 

In n-oontext free grammar (nCFS) § is defined as: 

& « S), 

where V^j and disjoint finite ^ sets of non>»terminal8 (•gariaOsles) 

'terminals respect if ely (f ^ H S.# in ?j|# is the start 
aOThol « P is a finite set of n^produotions > Before defining this 
tena fully# we shall gire the following definitions: 

- An .n^foCT of G is an iwtuplei 

CCp^^ '^n'^ ^ ^ 



♦: # * 


vmm 1 < i < 21* is IJI ?*, PiPg *** 5^21 ^ ^ ‘^i* “* S ^ i 

ie a pemutation, fhe amber of variables ia must be equal, 

say k Sm mch md the amber of appearmices of eaeh variable la 
them should be the 'same, is a permutation on k objects, ibr 


i. i i. '^be 7s^(i)»th variables of (from the left), 

1 3 £ h# are the same. We gay thsht the t 5 ^(i)-th variables of 
f*j .fiprrespond with each other, is called the i«,th expansion 


of the n-fouB, 


M n,-p£oduetion is defined ass 
A-** C(P-j|*7t^), ••*, (^u» 

where A is a variable and (Cp^, it^), •*,, (p^^, n^)) is an n-foro, 
The n-fona ((p^, it^), w^)) is called the output erransioa 

of the n-production. 

Similarly as for 2iS2ffi»%we define here the relation 

*»> as follow.iii s 
d 


bet, fCf^h •••» ^ n-fosm of & and 


A the It 
suppose 


^^(i)-th variable of 1 <, j < a, from the left. Also* 

A - ((Y^f «-j)i ***# (Tjjt iSq)) is an a-production* having 


m variable s, Then, 


(0 

11^ ^11 


*> ((hi* %1>» (hm* 

(we say that (p^^, .dire.gtly nr-deriyes 

^^21* '^21^* •»*, ( p gr ammar Cr by expansion o^x the 
variable A) if and only if the following is trues 
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§2^ oMained fmm 

( 1*^4 1 ) by Y^* 


by replacing tbe variable 


(ii) Por ail k < i, if < ts^jCl), tbes 11:2 j (3c) = n!^^(k), 

®d If 7s^^(k) > is^^(i), then itg^Ck) « Ts^^Ck) t m-1, 

(iii) Far all k > 1, if u^^Ck) < (i), tbes iCg^Ck+ia-l) « a^^Ck), 

and if Tt^^(k) > te^^CI), tben « iE^j(k)+a»1, 

(iv) Per .all d, 1 < d < m, lEg^Cin^d-l) K^^(i) + 75(d)-.t. 

ke shall illustrate 'the direct n~derl'?atioa ( *«»>) iq th© 

S 

gmimuT throiagh an example: 

Eraanle 2., .21 ; 

let G « ( { S, A* b] , {a, b, e] , P, S) be a 2 GfG utoere 
,p consists of the 2-.pro.dnct ions: 


1 . s - ( ( aAaBEcAt [2 , 1^,4]), ( AABB, [ 4 , 2 , 3, {{ ) ) , 

2* A - C(aAaI5bBc, 0*2,3] ), (bBcBaA, C3,1.,2] )), 

3. B - (Cl^, [2,3,1]), CaaBAB, [3,1,2])), 

4* A *• (8, 8), and 
5. B - (abe, 8)- ' 


ilow, CCaaAAAbB, [2,3, 1,4] ),, (cBAccAA, C2,4,3,lJ)) is a 2-form 
in G, Let tts apply the 2-pxcdmctloa no.' 3 to' this 2-foiffi, 

Using the procedure- gii?en abo's's, we will get the 2-fo«a: 

CCaaAAAbABB, [2, 3, 1,5,6, 4] ), (caeBABcciA, [4,6,5,3,1,2j )). 


Vve can therefore write: I 

((aaAAAbBf [2,3, 1,^), {cBAocAA, )) 

«> CaaiAAbABB, [2,3,1,5,6,4 ]),CeaaBABlccAA,[4,6,5,5,1i 

. ■ . G , 


luxation a%>is as follow.: 

& 

(i) 15 ^)) =^> (P„, Kjjj)) 

' • S 

for eveiy fj,, 1 £ 3 ;< n, e V*. 

(11) If ((p 

t1* 

i? 2 t)t ■•*** (P 2 a*- 

CCp2t» '*'21 

«?C(p 3 |,» « 5 ^)» (P 3 ji, 113^)) 

tli®a CCp^^f «^^5, **., 

'# 

*lC(p 3 <l»'!^ 3 .|) f •*** ^p 3 ii» 

(w® «ay that a^aeri^es 

CCP'^^t ^3j)i ***f CPjjjt «3u)) Aj 5 graiamar G), 

TUB a^taple (Cp^# %{)» •«.* (p^j, m^)) is eallefi m 
n»*seatential foro If p., 1 x § < e ¥* md 

(SjS|i •*«# S'OjQ (Cp**jf ^Pg* ^ 2 ^*' *♦** 

Alco if ((p^, it^)i (fgf itg)* ♦*•» (pjj» '”^ 2 j)) is a» iwsoatsattal 
form in granaaar G, is called ilse l*1;h compoaeat of tlae 
a-seateatial fo:M* 


ie iefia® tfee 


G denoted IC©) to I:©': 


^w|w is in ¥j.*, (fi, ?, .,., s)jj ..., Wq), and 


ir « 


*■#■'# 



If a ^ (¥3, fgj* p, S) is sm nom sucb that f&r all 
A ((p^, 7(^)f (Pg, *2), (p^, ^E^)) Sm P, 1 < i < m, 

is always an identity peaaautaticm, then G is said to be simple 
and L(G) is called a>» simple contest f 3 ?ee Immmm (nSOMi)* 

lov# w© shall gi^e ■■ some examples to clarii^ the concepts: 

Izaapl© 2. 22 s 


III example 2*21, we saw that if G - (^S,A,b| , |a|b,c|,P,S) 
is a 2 CEG, i? consisting of: 

1* S- (CaAaBBcA, C2,1,3»4|), (AABB, [4,2,3,fi )), 

2* A-* ((aulaSbBc, |j,2,33 ),(bBcBaA, p,1*2l)), 

3. I>* ((ABB, 0,3,1]), (aaBAB, 0,1,11), 

4# A- (^, €), and 
5. B-* (abc, e). 


then, ((aaAAAbB, |]2,3,1,4l), (cBAecAA, 

( (aaAAAbABB, [2 ,3,1, 5,6 ,4] ) , ( oaaBABAccAA, 

134 , 6 , 3 , 3 , 1 ,^ )), 


iar 


From the definition of the xelation ^ ft follows that, 
( (aaAAAbB, [2,3, 1,4] ) , (cBAStcAA, [2,4, 5, lj ) ) 


a 


aaAAAbABB, |2,3, 1 , 5,6,^ ), (caaBABAccAA, [4,6, 5,3, 1,2^) )< 


If we apply the 2-prod'uotion no.*.. 2 to expsaid A, the tnd iraniable 
(from left) of the first expansion of the 2^f©s®i 


( (aaAAAbABB, [2, 3, 1 , 5,3,4] ) , (caaBABAccAA, [4,6, 5, 3, 1 ,5 ) ) « 



C imUMMB, fa, 3, 1 ,5f 6,41 ) » < eaaEABilccAA, (3-,6, 5, 3, 1 , 2| ) ) 

( CaaAaAaBbBcAbABB,£2,3,4,5, 1,7,8,,6!3 ) , 

( ( casBABbBcBaAoeM, [^,4, 5,8,7, 3, 1 ,2j ) ) , 

Again, fixm tte definition of »> , it follows that* 

& 

( C aalMbB, [| , 3, 1 ,4l ) , C oBiccM, U *4, 3 , l] ) ) 

¥' 

»•> (CaaAaAaBbBcAbABB, [|,3,4,5,1,7,8,i3l ) , , 

( (eaaEABfeBoBaAocAA, [6,4,5,8,7,3,1,|1 ) ). 

2,23 ; 

. let H *s C^s], ^a,b,e|, P, S) be a asCfG (a-siapl© eonteact 
free grammar), vjbere P ooasiets oft 

1. S -* (aSb, cS)^ 

2# S -* (ab,c)^ 

By aj»plying the first a-proSnction a-l times followed by 
an applioation of the second 2-prodnction, we haTes 

**s>(aSb, cS) «w>(aaSbb, coS), *** 

^ ' 0 ^ ^ 

0 a ' 

fherefbre, 

1* lote that we hat© deleted permutations from the 2-fotma in this 
case* fhis is in teeping with the convention for nrcBS'e* 





It 

ie sfaall aow stoow tbat tfee raage laagimge of m a-gfiitsx: 
Sljceoted tian^atioa is ttee s.ase as sa ii-oowtoxt free laagimge. 

gtieorea 2*2t s 

OJlie range lan(guage of aa ii-SDI is m is-eHi* 


oaa ^ easily tbat 1»C&)^ j 

1(0) . 


Proof: 


Let H » (?g,# ?22# aSlffiQ'*- We construct 

froa tlhis grsmmax m oCMj as follows: 

Let a «= 

wLere, P » «*• ( (p^ »i:^) #•••»( 

A -* (a, (p^f 1^^)# ••*» (pQ* ^ 

for some aj . 


Hoiseirer, refleriire n-prodmetionst aliotjld any appear are deleted 
from P* 


Let X l)e the range Imgmge - of H* fhas, for soiae w, 

(Wf Xg* ^ ^ ^n* ^^herefore, 

(SfS| K * *! • 

¥ie shall proye hy mdaetion on the npssher of steps in- 1 that 
(a^t ) f« *• • * C * * * * * ^ ^ 

if and only if ^ *"21 * • * * ^ ^2n*^2a^ ^ 

for some Og ^ ^ 



Base: 


=f^ (02. (P21, Pj,). .... (Sa., *g„)) 

Af and onl^ if •### Cp.|2i> 

Bet us pTOY© its 

M 

Ssj^possj (uf (p.|.j* ':s^.|)f •»*« ^*'^ta** 

*^Xu2t(|<2if ^21^***** 

using tbe a-ruies 

A "• (Y, (5^, 7S.|), *»», (S^t ^n))* 

By defiaitioa ot B, 

A *» ((S.J# 115^) f •■ * «> f (5^* 3^)) is ia p* 
i'lie«fO», CCp.|.j» .1t.|.|)» **»t (P.jjj;* «-|jj)) 

- ■■ ■»>CCpg.j» tsg|)* •**» 

ml7 if 

Suppose, C(p.|.|i is^.j)* *»*• (Pin* 

using tlje a-produetlons 
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Bj there must exist an ii-ni 3 .e: 

A -* (V, (o^, .#*, (5^, n^}) ia H fsr some Y* 

te If Vg)^', so that, 

(®<|» *m*f 

(Og» (fig,, itg,). .... (Pg^, ngj,)). 

hypothesis 

(®.|» #•*» ^P’Ib* 

II Ca2't' '^^21* ^21^* **•* 

if md only if iC|^)t •••t 

■^>((P 2 t* ^ 21 ^ » **** ^^ 2 n» 

is tmc for m or less than- m steps of ii-*derii?ation in H, 

Sow* let, 

(oC,|t (p^^* tS-i-j) f . *** • 

(Ogf (§ 21 ’* ' 5 * 2 't 5 ***** ^ 

(m steps) 

(a-;;» (Pj|t Itji-I,)# •*#* Cp^nt 

Since, C'^i|9 'jf-l. "|)t***t 

* • * •' * ^p 2 n* 

if and only if (Cp^‘l$ ***# 

**** ^^ 2 b* 

(hy indnetion hypothesis ) «d 



^ 2 . 

■Cag, Cpg^, ^21'^* '"' 

'f>C«^5» (031* ii3t)» .***t 1^3^)) 

if md only if 

(Cp2t» •••» 

^05 h* ’^3x1^'^* 

m ha-^ e, 

CfiE^f Cp^-|» ...J (P|uf 

=*> (c^# *••» ?p3n» ‘^3n^'^ 

(m+1 steps) 

if and osaly if, 

((p|-jf *•*» 

*^((03^* ®5t^» ***» ^hn* 


Eenee -tlse sresiilt 


CHAPfSR 3 




SOm gROgEBglES Qg IBBE LASGUASBS 

In this olaapter, we shall iaairestigate some of the proper- 
ties of n-context free languages* Some of the important results 
that will he pro'fed ares (a) nCSL’St ^ 1, define an infinite 
proper hierarchy of languages -with' CFI j*s at one end of the 
hierarchy* (b) nCEL’s are recursive and their emptiness problem 
is recursively solvable* In section 3*1» we introduce the con- 
cept nf n-direction trees* In section 3*2, v.e show that for 
some n 1)> nCili is recursive and it is decidable v/hether the 
language is empty* In section 3*3* we show that nCFCT*s define 
an infinite proper hierarchy of languages, 

3* 1 n-i3erivatlon trees ; 

IJerlvation trees play m important role in the theory 
of context free languages, le shall extend the concept of deri- 
vation trees so as to define n-derivation trees and we shall 
see that n-derlvatlon trees play a steilar role' in the l^eory^ 
of n-context free languages, 

m associate with each n-derivation; 

(A, A, A)jj « ^®1a* »*5>**» 

. ^ 8*#=^ (f m ic j. y« «*«* f 



in tfet. nCKr, m oMered set of n finite 'footed direeted tfees 
with labelled nodes, called 0® n^-derltation tiree. 


Ifee n-deriTration tree of* 


(A, 1 


9 * ' 


t « • ♦ t 


is const racted as followss ffee nodes of the ^-th tree 1 < j 5 n, 
• in the osdered set of trees are certain tuples of the for® 

(i^t i^), where k£r and i^ is a posit I've integer, The 

directed lines of the tree are all the ordered oairs 


( (i^ f 

« • « f 

ij|f5 * (i-jt •••* i 

^+1 

)) of nodes. 

lor ' 


the 

n-production 

- ((“ii 

* 

* « « f 

C«in 

that, 









• ■ • » (p 

ini '^1 

^^in2» 

^in^ 



«» 

((dii. 

*ii). . 

• • » c 

“in* ' 


(CP; 

t m t 

i11 ®it %12* ^i1 

[ ) t ♦ • . , 

'Plnl 

mmim f 

1 

^in* 





1 

f ♦ 


2 

1 * tuple ( 1 ) is the root of each tree in the set, fhe 
21 roots of the a trees are said to- n-ocoierespond with each other 

fora an a:£oa6. te represent an n-node by i^. 

'^, 1 ,**,, is said to he the root of an n-deriiration tstee* 

If ttgj » €, 1 3 £ (t*1) he a nod© in the 3 -th tree with 


e as the node naise. If ecg^ « ••• ^32n(2)» 

1 _< i £ n (2), he a node and X^2i node naase in the J,.th tree, 
She nodes whose node names are non-terminals - which correspond 

1, The parentheses ax& introduced in the subscripts to atoid 
ambiguity, 

2, In this chapter numbers in round brackets should not be confused 
with citation of refereneea. . 
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with each ©ther $m th® a-foisi ; ( ( ©g i » 1 ^ » * * * ♦ ^ ®2a * ^ > 

a3?e saii. to a;>ooin:®spond with each othea? qt fojsn am a*.iioie » 
Supj:vose that for all t £ k, etery occurroaee in (** 5. 3 ^)* 

of an ©lenjent of t senres as nofie naise of some node of the 3-th 
tree^ 


Mow-, 

i ( pj£-| ^ 

^k12» 


^^knl %£ Pkn2' 








((a^^l(l). 




sa 



Let ] 

•• 

*» * 

> • • , ( "I » ^ 

' • • f 


(Ajj., 


# -^k) , 


C ! •* 4 # * *■ * 


he the a-node 

• If * Si for sosae 3, 1 < J <. »» l©t 
* i-jg» ^ node and 6 its node aase. If 

3k1 ••• "‘3kn(3k)* "***38’ 


®k.3 * ^3k1 ••• ^3kn(3k)* i)» t < i <n (3k), 


he a node and its node name, fhe nodes whose node names are 


non-texffiinalB'-->which convespond with each other in the n-foim? i 

%+1(1)* ^®k 4 -lCn)* ’®k 4 l(a)^^* ^ said to n-corresgonj 


with each other or form an n^ode * Shis procedni^ is repeated for 
all k < r-1* She resulting os^ea^d j^t of finite rooted directed 
trees with labelled nodesi is the n-derivatloa tree*. 


fhe set '[i^, ig». .»**, i^j is defined as the a-oath of the 
n deri'Vation tree if the following is tmei 


(i) i^ is a path in the 3*th tree of the n-derimtion true, 

3 

1 < 3 h* 

^ ■mm ' #»*. 



(ii) If 1 £ j jC is a sequence of nodes ^^•|*^j2*** * •”;)&* 
then for evea^ i, 1 < i < fc-t, the nodes n.^, 1 < 3 < »* 


n-correspond with each other* 

i*he length of each path ceaaprising the n-path (it nay he 
ohserved that these lengths will be equal>is defined a© length 
of the iwsath . 


^ ^a^subtree ©f an n-derimtion' tree is a particular n-node 
of the n-.deri¥atlon tree together with all its descendants, the 
edges connecting them, and their labels* 

Example 3»11 ! 

Let d » (¥jj, P, S) be a 2Qm, where « (sj, 

» {a, bj and P comprises of the 2-.produetione! 

S (aSb, bSa), 

S -• (ab, ba). 

The 2-derimtt0n tree of the 2-.deriyations 

(S,S) sw»>CaSb, bSa) ae^aaSbb, bbSaa.) **>?> (aaabbb, hbbaaa) 
is giyen in Figure 3*11* 

In the figure, node 1 is (1), node 2 is (1,1), node 3 ie 
(1,2), node 4 is (1,3), nod® 5 is (1,2,1), node 6 is (1,2,2), 
node 7 is (1,2,3), node 8 is ( 1,2,2, 1) and node 9 is (1,2,2, 2). 
Similarly for the second tree of the 2-deriyation tree, node 1* 
is (1), node 2* is (1,1), node 3* is (1,2), node 4* is (1,3), 
node 5* 1® Cl,2#1)f node 6* is (1,2,2), node 7’ is (1,2,3), node 8* 
is (1,2, 2,1) and node 9» is (1,2, 2,2). ,{3,3*| «e 


all 2«aod«8* 
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aii'i emptiness :probl.eBis i. 

A0 a prelude to pro-viug the required theorems, w shall 
glire some lemmas: 

It will he oh serf cd that as we hate defined uCKr, the 
empty sentence e cannot he in any aCHi. v^e shall extend the 
de:fiiiitioa oi* nCK to allow n-productions of the form.:^? *S)^, 

where C is the start symbol, provided that S does not appear in 
the output expansion of any n-produotion. In that cose, it is 
clear that the n-production S ■* (€, 8)^ can only be used 

as the first step in an n-derivstion* 

Lemma 3*21 : 

If G « (¥^., P, S) is an nCKl, then there Is another 
aCK G*, for which the start symbol of G’ does not appear in 
the output ea^ansions of any n-*produetion of 

Proof : 

Let S| be a ^syobol not in ¥. Let G* » 
where ^ n-productions of 

P plus all n-produetions of the form - (Cp^, n^), 
where S - ((p^» x^)* **#, (p^* %)) is ®« n-productlon of ?* 

It is to wee that L(G) » LCG*), 

Lemma 3«22 i 

If L is an nCPL, then L U and L • ^Sjare also nCEL. 

Proof ; 

Giyen an nCIG, we can find an equimlent nCIG 0 who^ 
start symbol does not appear in the output expansion of any 



j!i-pro4mction. & « (i^,, S). Define &* = C%f‘VjfP’fS), 

wbei-e ?» is p^lus the a-pasjdnctioia: 

S ^ (e, £, S)^. 

lote that ■ $ does not appeal- in tbe output expansion of any 
n-productioii of p% fhue B -* (£, cannot be used in 

a 'manner other th^an as the first -an-d only n-production ia'aa — 
n-deriratlon. Any n«*deriiration in S’ not involving (S, Sf 
is an n-deriration in S. S-herefore, ;l(G’ ) « L(G) U ^e] . 

Again, if the nCiS G *» '¥^-, 'P, S) genemtes the empty 

sentence e, the start symbol S must not appear in the output 
expansion of any n-production and the n-production S -■ (6, e, •*♦,£) 
must be in i?, Itefine G’ « F% S), vSiere P* is F minus 

the »«.pro duct ion: S -* (£, 6, *'•», ^)u» Gle^ly L(G’) « b(G) - j • 

Lemma 3.23 : 

Let G * (V,., Ygj, F, S) .be an nGFG. Let ((p^, 
be an n-foim such that p.^^! > np* fhen 

Cp^» n^)f •••» (Pjsf %)) cannol derm •*.* such that 
Iwi'-'S Wnl < P- 
J?x*oQ.f : ■ - 

Let |p^: ••• Pjjl * tf up 5* 

fhere can be tm possibilities: 

(i) I’he niamber of non-terminals in p^*s, t £ 4 5 1. ' 

Cii) fbe number of non-tenEinals in p|»s > p #■ 


n 


4 <^- 

If (i) is the case, let the atashea? of aon-terraiaals in 
p^*s be k, (< p), so that the nwaber of texiainals in .** : 

is t-nk > 0, 

How, the only way in liiiGh, 

(Cp-j* •*», (pjjf CC*Ki, 

s.t, I } < jp^pg Pjil't -^s by msiag n-f»<iuetions 
of the types A ((*>}» ^p* «•*» (S^^, where one or more 

than one 6^, 1 < j < n « e* let r aon-teiminals, (< k), be 
reduced to terminals using such n-productions. fhen, j Y^yg,,,Yjjl 

>_ t-np+p 

because there has to be atleast one i^rsbol . other than © in the 
output erpanoion of an n-produetlon* 

Since, t-np > 0, lY^Vg ,** > p and hence the result* 

If (it)' is the case, the result is iiinsediate* 

'therefore, ((p-j, n^), p^j > jjp cannot 

Vl|w,...vg < p- 

gheoreat 3*21 8 

If a » (¥g, Yj, F, S) la m nGI^, n >, 1, then a is 
'recursiire* 

Proof ; 

gii'e an algorithm for finding whether a sentence 



the set 3 ?^ as the set of 
whei'e, ••• f>J < Bp ajid 


('"* ’■*'» *••* ^)b CCp^f lE^Jf •••* CtV* %rt)) 


'B* ■''B 

hy an n-deriiration of ataost a steps* Clearly, « 




Sf Sf ♦ ♦ « f s 


^aj 


It is easy, to .see that we can caloiil,ate froa 

seeing lahat n-foias ((r , ,i*), 7 E„))|v ^ v l ^ 

■ I ^ 

can he derived from n-f023P.s in hy a. single applieation of 

an n-prodnotion. 


i0.so, if '(S, S, *.*, S)^ =j> (w^, Wg, v^) and 

|w^ ,,, w^l < p, then (w^, ?;ill he in for some a. 

This is because (w^, w^, ^a^ljw w,*,.w j<p e^^^not he derived 
from an n-sentential form S ^ * 

'ihereforet any n-senteatial foim which cen derive 
will he in for some m and hence (w^, Wg, w^) will he in 
for some m# 

IS. 


It should also he evident that all a >. 1 * 

Since i'jjj depends only on if « ®333*.1» "* % 4'2 * ** 

Our algorithm will he to calculate fg, until fox some ra, 

“ ^*^111-1* there is no (w^, ^/g, *,,, w^) in such that 
w w w^Wg then w is not in- ICC) hecau^' for i > m, * f^g* 

The only thing that remains to he shown is: for some m 
Tgj *» Since ^i-t* '^i ^ numher of 

a«fo.xias ia 3 ?!^ As atleast one greater than the numiher in IS 

1 * The it!«, in these n-forms are there only to indicate the 
correspondence hetween the non**teiHilnals* These will he 
dropped if there is no ambiguity in this correspondence. 



Let the niroher of sytahols in ^ he y. fhen the awhe^r of a-foms 

((p,, n,), .... (p„, >tn»l|p,Pg ... p^l <np is less than 
ny ^ (ny)^ + ... + (ny)^^^ and hence ia lesa thaai (ny+1)^^'*'^* 

lieace th<5 lesiait. 

How we shall take ap the emptiness problem of nOFL* 
fheoxem 5>22 s ' ' ^ ^ ’ 

Ihere is an algorithm for ieteimining if the language 
generated by a gi-ven 2Cf5 is empty* 

Proof fe 

Let G *5 CVjj,* P, S) he a 2GfG* Suppose that 
(S, E) »^> (wf.|, Wg) for mm teisninal st 2 :lng w «= w.^ Wg* Consider 
the 2-deriiratlon tree of w in the grammar S, Suppose that there 
is a 2-.path In the 2-.derifation trees, such that in each path of 
the 2-patb, theie are two nodes a.| and ng, having the same label 
A, with n^ higher on the path than ng, 

$he 2-.deriTOtion tree for the a-drimtion of 
w » aahffl.ehaahcdd in the 2-.CI’G-i , , 

C » C ■^E,AfBj , ^a,h| , *• (Aa,chA), A -• (aB,Bd), 

B - (Aa,aA), t, (aB,ai3d, B (h, he) | , S) 
is gitea in figure 3*21, 

The 2«»uhtree with root at represents the 

generation of a w^ord w.j^j Wg.j, such that 

(A, A) •§!>Cw^^» «21^* 

The 2— subtree with root at ^hg# liknwise represents the 




FIGURE 3*2i 




generation oi a word t, ^ 22 * that (A, A) *«> 

(i^iote v ;^2 must be a subword of and \Vg. must be a subword of 

v.^g)* How the v/ord w ean be written in the fo^ra ’*^14^‘'23'^21^'24 

where some or all among Wg^ isg^ be 6. If we replace 

the 2 ~ 0 ubtree at \n^, by that at ^h2» ^ 2 ! * bate a new word, 

'*^’^13 '®12 ^'^14 '^'^23 ^*’22 ’^'24 (P®®®^bly the same wo^), s* t* 
if:-, S) ^ W^g Wg^ Wgg Wg^), 

In the abote figure,; 

* e, « a, Wg^ *= Gb, v/g^_ ss e 

2-.deritation tree for the 2-deritatioa, 

^.4 

(S, S) *»> (w^^ w^g v/^^, Wg^ w ?22 Wg^) is lisoim in figure 3*22t 

Howeter, we hate eliminated atleast one node, n-j from each 

tapee in the 2-.deritation tree of figure 3*2t, If the new 2-aeri- 
tat ion tree has a 2-path v/ith two identically labelled nodes in 
each path comprising the 2-.path, the process may be repeated 
with w^g Wg^ Wgg Wg^ instead of ?/,. In fact, the process 
may be repeated, until there are no 2-paths ,tn the 2-d#rttation 
tree with two nodes In each path 'named identically* Since each 
iteration eliminates one or moie nodes from each tree of the 
2-derivation tree, the process must eventually terminate* 

How consider the 2-derivation tree which is Ultimately 
produced* If there aie m non-terminals in the grammar then 
there can be no 2-path of length greater than », lest some non- 
terminal should be repeated in the two paths comprising the 2-.path* 



l#e «ojacimie that if G generates any word at all, then there is 
a 2—dex‘i'vatloa of a woM whose 2-deri‘^ation tree contains no 
li—path oi length greater than si« ■ Shas the following algorithia 
with detenaine if G is empty: 

I'OHn a collection of 2-»deriiration trees corresponding to 
2— deriyatione iii G as follows: Start the collection with the 
B—deritation tree containing the single 2-node ^S, sj. Repeatedly 
add to the collection any 2-deritation tree that can be obtained 
flora a 2-deritatlon tree already in the oollection by application 
of a single 2-prodnction and that: 

(i) is not already Jn the collection, 

(il) does not ha^e any 2-path of length greater. 

i’he process will clearly teaaainate. low, 1(G) is non 
empty if and only if atleast one of the 2-deri'ration trees in 
the collection corresponds to the 2-derii?a.tion of a teaaainal 
string. 

Cor. S'. 22 I t 

1‘here is, an aigorittea for detemining if the langnage 
generated by a given nCIG, n >. 1, is esi)ty. 

3*3 nvwjty theorem for n-oontert- free languages : 

S^lrst, let ms pmve some amaciliary lenmias: 

Lemma 3.31 : (lormal form fornCFG*s) 

Any uCHj oaa be generated by an nCM in «toich all n-pa»dmo- 

tions are of the form: , 



■A - iE^), (Bjj, iE^)) or l - ih^, feg, \), 

wiiero A, B^, i < i £ a, are aoa-temtiials aai h^, 1 ;< i £ a, 

C V* sucb that b^bg , * * b^ / e* 

Proof ; 

Let G « (¥|^, p, S) be my nCFG, Xie shall coastmct 
aaotber nCIG G* * (¥^, ?», s) as follows; 

So sta^rt with coataias all. the ijon-teisiiaals ia 
aad the set B* coataias no n-productioa* for each n-piodiictioij; 

•** ’ *** ^ iiff]R^pwi^ *i?(Tii4>t ) * • 

in P, aM to Vg the noa-teaiiaals •••» ^m+t 

%f .•*, 0 ¥jg if ^1(01+1) ^ ® • 

otherwise add to the non-teasinals Cg, ***, said 

l’2» .*.» ,Bjn p! % • 

Add to i? the following s-Prodnctionsi. 

1. (i) A ■- ^m4-l^n 

Cli) *♦ » 

^Km+t) *•* Vffl+1) * 
otherwise sddi 

(i) A ^la+l^n 

2- Vi - ■•' V •" %(n,(®))’ *2^* 

.... ••• °®a(»,<o))’ ’ 



3 * 




** ^^3 '^ 3 * **** i .3 £ ®* 

4. - (vv^j. .... Wasjj(,f^(j))). 1 < 3 < a 

froffl the coaetractioa it is evident that Ii(:j) « L(G^) 
\,e shall not gife an exhaustiire piraof for it. 

itoiv ism shall state siid pro*?® the iiftsasy theorem fox 

theorem 3.31 i 


Let L be any 2CFL* fhere exist constants p anti q depend- 
ing only on L, each that if there is a word a in L, with | %\ > 2p, 
then B may be written as, 

where iTTg^gaCgj <q 

and y^x^VgXg / 6 , such that for each integer i 2 Q» 
w<j V^w^x|ngy^gx|yg is in L* 

Proof s 

Let & •= (Tjj, P, S) be any normal-forBi 2CP& for L, 

■ , 'If # 

If G has k variables and is of order 1* then let p « 1 and 
let q « 1^, It is easy to .see that,, for a aor«l fosm gr«iar, 
if an 2-deriyation tree has no 2-path longer than then the 
terminal string derived is no longer than 2(1^"'**)# 

Hence if s is in L and |s| > 2p, then the 2-derivatlon 
tree for any 2-derivatton of a by the grammar G contains a 2-path 
of length greater than k. We consider a 2-path P, of longest 
length, and observe that there mast be two 2-nodes |n^, n 
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Uz, iig] . satlsljrlag the foUoflng eonditlo.is: 

Iii each t3?ee^ of 'the 2-.clefiira;tioii tree: 

1- I'he m4es and botfe have the same label, say k, 
ilodw is closer to the root thaa hode Sg, 

3. la the path v,hich foins part of the g-path P, length 
^ ^ from to the leaf is atmost k + l, 

To see that a^ and a^ can alv«ys he foaad, for eaeh 
tree comprising the 2-derivation tree* ^ust pioceed np the 
poth comreeponding to the 2-path l>, from the leaf, keeping 
traok of the labels eacoantered* Of the first it + 2 nodes, 
only the leaf has a terminal label, The remaining k+1 cannot 
have distinct variable labels* 

let ns look at the 2— sabtisee with root '^n|f n^J in 
Figuase 3»31* IJach subtree comprising the g-sabtree 

represents the derivation of a sabword of length atmost 1^ 

(and, hence of length q)* This is true because there can be no 
path in or fg^ of length greater thaa 3c + t, since P comprises 
of longest paths in the two trees of the 2-derivation tree, bet 
£5^^ be the result of subtree. Similarly considering the 

2-aubtree with root jiig, , let t ^2 and fgg be the two 
subtrees comprising it* bet result of T^.g, Then we 

can write as Similarly, we can write Sg^ as 

^25 ®22 ®24* *13 ®i4 *23 *24 ^ (because these 

cannot be any 2-productioa of the form 1 -• (€, 6) and w® can 

remove 2-productlons of the form A -• (B, B) from the grammar)* 
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we toaov. that (a. A) ^2^^24) 

where ®i3®t2®14* ^23^22^24 i *3. 

Be.t then it fellows that, 

(A, A) i> (®,3^2Z„^ ®a=“ ii 0- 

She string 2 ** olearl^f be written as i. 

^1®13^12*^i4^2^23*22^242^2» for some ^■^f« 2 »y 2 * "'6 let 

®15 " 1*^1 2 * ^^1* ^14 * ^1* ^23' * ^2* ®22 ^2» ^24 “ ^2 

complete the proof, . 


Cor, 3.311 ; 


Let L he any nCilj, %€re exist constants p and a, fiepea^ing 
only on L, such that if there is a word m in L, with } s{ > np, 
then z may be valtten as a *» Uitt^w^x^ ,,, 

where l'^j''^i^ii » ** 5. i 1 5 Q f 6, anch that 

for each integer 1 >, 0. 

Vn^Vn^^n ^ 

Uaing the above theorem, we shall now prove an JUiportant 
re salt which establishes the infinite proper hierarchy of nGH*, 


'theorem 3,32: 


£ * V J 

limi . 


is not nCSli* 


Proof i 

I#t £ » ** * *^4*1 1 k>lj ^ 

oor, 3*311# there exist constants p and t such that 
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a « 


f C' 


.P 


®'2ii+1 's?^3Clttei3 as, 


and ^ g sncii that, for each integer i >^ 0# 

* •• Vj'vj'^n ^ 

It. follows that all of x^;i. eaimot he ■ 

empty* Also, since all symbols a^,ag, ,**, ®'2n+1 distinct, 
any of "v^, *•*, cannot contain more than^one syiiihol* 

Sup;')oee out of these r (< 2n) and 2 c^*s contain one distinct 

symbol each and the rest axe empty, ijet the other Tarlahles 
n^» Ug, Wg, Ujjj, w^, y^ contain symbols of total length s. 

According to the theorem. 


• J Mn __ 2s 

U,^, ¥*| t «' 




’t.e note that 


... Vn\^n\ 1 £. s. 


But, since not all can be empty and 

any of these can atmost contains one distinct symbol, the length 
of sentence represented by ® *n^ ^n 

be lesiy than 20 (2n+1) « 4ns + 2s - a contradiction* 

hence the result. 

Cor, 3,32 1 ; 

nCIS properly contains (n-1) CfC, 

Ihis is because ^a^^ **• «ln+ll k> 1 ] o^^^ously an 

Cn 4 l)CHi whUe it is not nCH. and any nCH, is trivially an 


(n+1)CFi., 





& tlils m etell csoacltide otir mUk with xmkMg 

«se‘rtnlii con^eotuiwa imd the lisas aloa^ which further 

Qm he doae, la ©©etisij 4^1, we raaice eertaia eoa^ectaies* 
iii BCtctloa 4«Sf w& gl^e eeiae eeaeiwdiaf' reutarks oad sug^'^itioas 
fer futme worJc# 

4* 1 no8io eealectareei 

V© shall n&w git© mm ©ea|©etiires ^leh w@ f^el ©an h® 

.proved I 

Cl) If a tmnalatien $ is m af.Fi of older k| thea S « 
for some 

(11) X « "CCJrf?)'* fhr e» M « (% 

then f « t(ii) for a» aSfifS g *• (f^,, ? 2 ? 2 * 

(ill) If S is a» aOT of order ac» then f to defiaed hr m ^ 
a(k)Bi’A"* K* ; 

Ciir) A traaslatlOB $ i» defiaahle hy e t-regioter n-^isrpe B pardon 
asyembler'* (iiC 1)1*4) if end, if S is a» aSfJJf, 

i'he ahoire mn$€&%vamB are eoaoexalag the relatioaihip hetweezi 
uVM*a md n-pushdowj aaetstoew^* Siaoe m hate uoastraeted i 

ii*puOhdowa ai^emhlors as a aatural erteasioa of pashdowa a si»CThlers» 

1. for details of n^posbiiwm assiattolerst se® ll^diai »• j 
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W5 f®©l tijiit th© mtw&pm^iMg pwmtB for im@hdaiva asMiam«»8 
cm M oxtoisaea for tli»sis 

;*€iv? wi* 8oae eofi|©ctsi3?otj corjcGiialiir; n-ooiiti03Et fiate 

iMiii-'mseQ: 

(ip) Ibaifm (6) tia® <Sefiii®® a elas-u of eallt4 

aatrlat l«as£ti*M..*:es*'«( ’.e fo@3. bbct aisiplo laatris: mr of orter 

ja 4,i‘ e t'^uiiPRloisl! to ii'wsJ.spl.o osiatisxt fiwo .' '.rr.iiffiiir* 

(tl) Context »Jiisltii»© l«gijiige:B pro^ioriy contain !l aCiX* In 

f n n^' 1 

paxtiewlM» h * |a b lu^|V c-imnot he fyntmted by any 
(vli) n.'Fv pxoporly contain® a:*c,K*, 

'th«» aje® ttimy piopcititB of a-ooiyfecxt fne lan,^;iB®ges Ilk® 
(a) 7bfc flniten®®® or infill itentsis problem-' i® de^'ldabl®* (h) I'bese 
Iwi^.iioros Skim clooed «ati«r mim md anbatitntioa aappiitg. But m 
bate not reported tb«®e riswlt® to tfei® mtk because tb«M Is 
no point givtoi!: some stray ptofcrlits about tbcee l.siigu®ie® isaless 
sQ'a}® fundcuaciital i|u#sttoiis S£® msmm& isliicb me mill discuso to 
tb« next' Motim* 

4*2 Coneladte^ rsmarka and si«£®st4ons for futtare. mork s 

In pwisenttog a clnso of »od®l» for trenslations idilcb m 
boiTir d-iltod n-iiyatax dir®#t«d traaslatiew graamrs* m mm 
ffiotivst«d by s d«»lJ» to tow model# n^iob mm sufltctoatly powr^ 
ful a# e#ll m stopl®, m f«el ttot we imw socowded to sots® 
eactont to that rtspect* 

httmt piJ#®iaitteg those sa!odil#f oin!' stof to thl® woilkf to# 
b«ea to towstigat# ttoiss wotols from mtmmtm ttoowtlc i^tot of 
elow# 'Hit of th® msijy imtmxmm of thoio »otol# m ohoto to do 


€. 1 . 


soir® imrestigation oa ttee a^aage languages of tfeesc translations 
which \vc hate called n^conteact f 3 ?ee lariguac^es. 

In the process of tetestlgatiag these range languages of 
nn.i^i' ’ s \vc hate lound that these languages are sufficiently 
interesting to deserve a thorough iatestigatioa in their o« 
right* She intcrest-lng features of thes®' languages are that they 
arc? in fact a proper hierarchy of languages 'in between eoatext 
free lauj^uagee and oonterfc senaittte languages (a e«it3uotart>* 

^;uch languages are of current interest (see 1,6*?), because for 
mafiy purposes m are finding that while context free grosiciara 
a^re quite otiDple to use, they are not sufficiently powerful and, 
while context sensitive' gremriars are quite powerful, they are 
difficult to use* 

What we have not done in this work and what is sufficiently 
interesting to work on is the followings 

(a) How do we characterise the class of n-eontext free languages? 
fhis io an Unportaat question because a new type of grnismar for a 
language will not serve itiuch purpose wiless we- ,get a detailed idea ; 
of what sort of languages will be generated -by this type of graaimar. : 
‘-pocifioally, given a language, there nust be some way (in fkot, 
there should be more than one way) of knowing whether this language 
©an be generated by the given type of gmsmar* Such questions for ; 
types of grf‘Ua?nars already in vogue have been aasn^red by giving a 
machine chamcterisatioa of the languages generated by these gra-. 
mmars* 3!hey have aleo been answered by investtgatiag thoroughly 
the closure properties of languages generated by these grwmars. 


Ct>) toother thing mich neeis to ba looked iato is the reXa- 
tioaship of bCK’s with otter types of graamars or oXasses of 
gramnars that toaire been proposed reeently. In partionlar, ®ork 
of 'faitwni Kasai (7) and Ibarra (6) v;iil be of interest, in this 
context. As stated earlier* w© feel that tte olaa:ses of gmamars 
proposed by Ibarra is equivalent to nSCK'*s, 

(c) Coning back to translation models, ffcere from m started 
our work, some investigation needs to be done about the pamotlcal 
uscfulnes- of nSD®*s* Ibr a translation model' to be practically 
useful, it needs to satisfy a complex balance bet?/een power (of the 
model) and simplicity. Only after making a working j^stem based 
on this model, will one get a correct idea about its usefolness. 
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!lci«, we shall give a 4-.Byntax aiwotsa translation 
(ira®iar Caucmented by two counters m and n) which will deserihe 

the tmnalatioM discussed in latroduetieu, 

H « (?g, '^212* R* 3) 

.vhtre « fs. S^, li, ig, B. ij, 

B, C, 1), E, BEAD, *, ]?BHCh|, 

'^12 “ P* ## MO-, BEFIIffi, BOAB, STB, 

MW, ST0, mml, 

Euid R comprise 0 of the following 4-rules'*: 

1. S “* (S^#i,g«E#S2#Bli'£i| Cl)GR&3^4OO#BSf]0:;E^Lg#S^Br.2)| 

(S,L^BSg);( m»1 S^EBgSg)^ ii«1 S^l Sf j^Lg^^^SgBIB#) ) 

2. S4-* 

5 . L - (L.^,i.i(mFmE 0 L^^)s (®ai^3#b) I (1311)1(1^1.)) 

4e I3- (A} A}A| 'f I ’f i 

5 a l3*^ (BjB|B| <Yf'f ) 

6a I3- (CjCiCjc^ j 

7 » 13** (l>}B|il} cf I «^ ) 

Sa Ij"* (B|B}B| *P f ^ ) 

9. 1 - (A|(i)EBEIB)fA#)|(BEiJ9JA#)| (^f), (^)) 

10a 1 -* (:B;(MTOB)jB#)|(I®Ai)p#)| («^}, C<^)) 

11 . 1 -• (C;( 1 EBI;JB)JC^)|(REA 1 ))JC#)} C^e), («^)) 

12a 1 (cf), 

1, To airoid ambiguity, we i^all here represent an n-translmtion 
form as («^| «^)j **•! (p„S 


€, 5 - 


13. 

L 


(i« I ( JJSraE)(Hi#) , ( HEADJSE^) , (^) , ( ^ ) 

15. 

1 

K 

■**# 

(Lgi (Ig) ; (Ig) • (j,g) , (lOAIjag:,^) ) 

16* 

1 


(E-Lg J (Eig ) j (ELg.) I (EEg ) . (SSUBJ&g^) ) 

17. 

E 


(M;(®};(ei).(i Sf|^!l?4.ffl^ iai*ia+1 e); 

(E » « is-^l )) 

IB, 

M 


CiiE,? Ot €)) 

19. 

M 



20. 


«♦ 

l Aj <a^) 

21. 



(B| Off B;<^) 

22, 


#♦ 

(C| <|>| ^ j C| <)») 

2 

III 


(Ei 1 .D| «^) 

24. 

^1 

**# 

(E|<^ f <^ I E| <^) 

25. 

% 

*# 

(^? J? I’f J A) 

26. 

h 


1 ^ J «|> » B) 

27, 


•«# 

(Cl 1 'f liH C) 

20. 

Xi^ 


(B}Cp|<2^j c^l B) 

29. 

ll^ 

c 


(E|cp jopi cpj E) 

30. 

^"2 

«# 

( 2lli^CH)^I4g j (Eg) f (Eg) J (Eg) 1 (PtMCj^g#) . 
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In Cliap1s©a? 2f we intiifoduced titoe coH 0 ep*fc q£ pugfedowu 
a.Bsejn'bloii.'w# Spe ci.fi, oaXly^ we descij'ibec? "two classes of isachines 
called type ii pa^doma ass-eiaM«re (AJ?A) asi type B pasMowa 
asuembleru (Bi’il)* We also stated tarioas results (tEbeores 
- 1,37) whiob relate pueMowo aeseiablers with syntax 
directed translations* In this appendix, we shall eartend the 
feature *.j of these machines so that they can characterii^ a-syatax 
directed translations* In Chapter 4 (4.1), we ps-^e some con^ec- 
turee relating n«.pushdown asnemhlers with nSI)ir*s* 

Mere again, we shall talk of two clasaes of mschineet 
n«type A pushdown assemhler (nAl?A) and xwtype B pushdora aaseiahler 
(nBi»A). shall describe these machines hy dosouseing the addi- 
tional features that these have oi^er pushdown automata (discussed 
in Chapter 1). Iitt us desorihe nA?A first? 

iieie, asaociated with each tape symbol on the pushdom list, 
aTO n sets of 3c(> 1) passiire registers, A tape symbol together 
with ito registers win be called ‘leyel*. Bach register can be 
empty or hold a string of output symbols*^ Such a situation is 
shown in Big* B* 1, where k *» 2, a « 2 «ad the pushdom list con- 
tain© the tape symbols GBA, with C on the top of the list. 



c 

* • * » I 


X 


Z 


* t * :• i * * # .# t # 

S ■ 

:» « « # « # » • # #, J 


♦ ##**#♦# ♦ « ♦ * # 11 # «. ♦. 

A • ^ 1 1 ^ 




«« f ilk * i , 


3* 


» ; 2r: 

*«#•# 
w I 

• t. # 4 •♦ 1^ 

/ f 

First set Seeoad set 


'First set of 
registers asso- 
ciated witli c 


Second set of 
2?egi8ters asso- 
ciated witb A 


B. 1 

Associated vdth A are two sets of registers* m the first 
set, the first register is empty indicates an empty register) 
and the second register is holding string w, la the second set, 
hoth the registers are empty. Both registers in the first set, 
associated with B are empty while in the second set, the first 
register contains string w aaad the second register is fmipty. 

In the first set of registers associated ?dth G, the first regis- 
ter contains string x and the ^cond register is empty ishile In 
the second set, the first register is empty and the second regis- 
ter contains string w, 

Snpwose C, at the top of the ll.i 0 rfc., _ is replaced hy \\ string 
Ed. Gymhol J) wonld replace 0 in Fig* B#1 and B would appes 
aboye B with empty registers, fhc resiilt appears in 


1 ? 


2 : 3 % 


,,,♦,*»#***,*• * * •-I,*,* 


1 ) 


Z : S t 


,**•,*•#*• • * • *■ * »"• * *■ *#'• # * » * 

B % ^ I S ^ 

a « # « • *■ m d #' # t * ■# *'#»*•# 

A z 1 s X 


fifgnre B*g 





llio nAP/i can write a finite string in any empty register 
nt the hi^;,hej;!t le'vcl# i'or eXTiniple, it conlct write y and z in the 
firet aiMi second registers of the firift iKst aod z in the fii^ 
register oi the second set at the top leYel^, leairing the situa- 
tion of ilgure B*3. : 


E 

'# ft 


• .«. # ftVft'.ft 


z : z 

t e #Tf ft ft ft *Tft ft ft ft 

■ ft 





ft ft 

u 


ft ft, 

A 


2 5 $ 1 

s ar : w i 

ft ft ft ft ft ft ft. t ft ft. .ft ft ft. ft ft ft ft: ft. ft: ft ft ft ft' ft 

^ I : St ' ^ 
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yjgnre B.5 

If the top tape symbol is erased, the contents of its 
registers in each set are concatenated in order* If a register 
is empty, it is treated as though it oontained € (the null string) 
The resulting n strings, (l-th ittring being the result of conca- 
tenating the contents of registers In the i-th set, in order) 
then *wait» at the top of the list, the i*th *waiting string*, 

^ 1 placed on the next mow in some empty register 

of the l-th set (from leffe)* If B In Bigure B.3 were erased, ys 
and z would be pa«!.ed down to the lewl below and would appear 
toiaporarily to the left of 1) as in Bigure B*4* 

dext, y« is placed In an empty register of the first set 
and a in an empty register of the second set, at the top le'vel* 
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flfflire B.4 


In this case* ya must ha pat in- the- secon<S lagistei* o,f the finst 
set and z must he, placed, ,in, -the.'fluat teglster of the ^second set, 
If the g,apa tries to write into. a. register which ,is not empty* 
it ‘jains* and can, laake no, farther motes# Figure B,4 tbns eho'Uld 
he- COP© i''igure B*5, 
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If next, 13 were erased and tise strings resulting from, the 
concatenation of registers in its first and second sets were 
stored in the first register and second register of the first 
and ^cond sots reopectltely* the list would he as in Figure B..6# 

B s£ ^ * 1 a 

# 'f. 't. « Hi # « .it'. « * 'i # « « a « f # # # « 

^ % • £ft ^ 

g * a ###,# e., ^ 


Figure B*6 
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i' iJl&lly I SWppOS© tjfeo.'fe PI) S'0©C6SSJt')fP HlOTfBSj S iS 

xy2 stored la the first rsgistcr of tho first sot aad waw storod 
in thcj first rogister of the secoad sot, of tiio aoict'. i©*?©!, auad 
A is erased, She result lag strings jgysw (fasm the first .set) md 
v,-zw (fTOjrs the second .«et) wiuld hate m p3.ac» to go.* fhe coaeate- 
nation of the two strings in order will Ije deemed, output of the 
nA.'A; xymmm would he deemed a tran.slatioB of whateter inpufc 
strin?'; caused the eequenee of motes, the terminal portion of ndjich 
mQ hate been describing* 

ViO shall now git© a formal notation incorporating the 
ideal, we hate been using# A to-register n-type A pushdown assembler 
(a('3t)Ai?A) is defined as the systemi 

M » (Q, <£!>., p , ^ 1 , V' , ' 

where Q, K# A , and F are finite sets of states, ia'put symbols* 
output symbols and tape symbols * x?espeotitely# q , in Q, is the 
start state * 2^, in P , is the start gyabol . A, V and ^ are 
mappings which indicate the allowable motes of M. ^ controls ehaages 
of tape symbols (not register contents) on the pushdom list, 
controls the entry of finite length output strings into regis- 
ters. / controls the insertion into registers of output strings 
which haire been diiplaoed temporarily by the erasure of the top 
symbol on the pushdown list (m in figure B.4). 

^ is a mapping from C|-x (S-U -^6] )xP to the finite 
subsets of Q A P 



If y'CP. a, i) contains (q, e), thsn if the topmost tape 
aymhol is Z, H can erase the top iesel, transfer from state p to 
q and use input a (possibly 6). If > (p, a, t) contains 

(«, ... i^), (m 1), It; can replace 2 hy at the top letel, 

then grovj new levels on the top of the purtidown list with empty 
retU-Bters and tape symbols X,, Xg, m order frro the top. 

is a mapping from ^ {z )xr to the finite subsets 

of kj) K .... ^1,2 k]) i*ere 

If (Pf a, 2) coirtaine {q, (x^, y) ttea 

when i:. ie tfee top tapt symbol, i ©an use input a, txunefer from 
state p to q ani writ# output string in tbe l^-tb legister 
(from left) of the j*»tli set of registers, of the top lewli pro¥iAeS 
that register is empty, ! 

ia a mapping from R x (s U {z^ )xr to the subsets of 
^ 1,2, 2, kjgA X ^,2, * 

If /’(p, a, 2) contains (t, i.|, ig, *.**, ijj),-and if 2 is j 
the top tape symhol and the letel abate has just been erased, M 1 
can use Input a, transfer from state p to and store the J-4h ; 

string passed from the letel abote, ,ia the f^»th register of the ! 

j-th set of registers of the current top letel* Again, that regie- i 
ter must be empty* I 

^ oonfigtncation of M is denoted .(pr «)• «fe@re % is in Q, 1 

and a is a string either of the farm 2^t.|Zgtg *.« yjjjj or of the j 

form ( 5-1 f ’*''^2* *“* V'a* **•, 2^ are i 

1* Here, indicates the i-th set kj, 
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in P, ti« ,,,, (1 < i<s), 

bcin;^ k-tupl®s of elenente to au^i ■! J, i £ a# is 

^ ^ '^ £ 3 £ a, 3?©pi®! seats tlte coateats of the k aegis- 

terti to the yth set of registers associated with 2^, denotes m 
empty register, fhe string a to prefted by \?tt ^2* •***'^ 
if a tape symbol has been erased on the previous mo'S'e* a condi- 
tion akin to that of figure B.4. 


ior any ^ in a to '‘Ml f 2 in P and n tuple t> suppo^ 
A(df a» 2) contains (p, 2^ 2g ^jiii)» ® 2^ i» then vie may write 
a s (q, 2ta) ^ (p, #•. \ t o). If m « 1, then 

wt may write, 

a J (qi 2ta) (p, 2^ t a). If / (q, a, 2) contains (p, 0), 
then we may write, 


I]| (p# 0^1 «*. *.*# «yj a)* ; 

Here, \2*** \k concatenation of Wj^g, *••» ^ik» 

1 ^ '^taken to be €* 

Cuppose V^Cq, a, 2} contains (p, i^, ig, ...# 1^), then 
we may write, j 

a * (q» C-*^*}* •••» '**1^ ) a) 

^11 (Pf2^((^<f-}t •••I **♦# 

**•1 •**» ^1 

IJ s 

again, pwvided ^ 1 i 3 1 » » ♦ 
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The sysihol is aefinea as follawsj 

Tor anj cojili,; duration (q, a), t s foi? w iM s* 

cmcl a in j; u {sj , ii » : (q^, (q^, 

a 1 (qg, t.„) (qj, aj), then s (q,, a^) (| (q^, q^). 

tronalatloa. deflxieti hy 1> denot^^d ^ (m\ <«« 

{(w, x)f>-t (q, ZqVtl («• C*1.*z. 

^ * *1^2 *** \ ®®®® 1 to q| * 

• The li-type B pashdovm aseeuihler (nBPA) diffes^ tWM ‘Ihe 
nfn‘i\^ The iiBJ?A always conoateaates strings to the left or right 
oi the present contents of a register* The aBJ?A is thus allowt 
to write into a non-empty register* 

Foimallyi a k-regieter n-tyne B pushdown aaeemhler (n(k)lFA) | 
is defiJied as« ; 

ffl ■ (Qf A I P I A • y t f ^ 0 » ^ 0 ^* 

wher’® all (within pareafitheoie) haw the same iwantog as i 

for the n(k) JkPA except i 

(i) V' maps Q X (s U )>^P to the ftoite snhsets of 

ii X (A^ •••# k «••* •••* 

where » A t 113-1 

If ^ (p* a» ii) contains (q# (x^f i^, JD^)i 
then tfflder appropriate conditions M can concatenate x^ to the left 
or right end of the contents of the i|-th register of the 
set at the top leirel, depending on whether » 1 or R, respectiTOly* 
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(ii) maps i, <(>’ )x r to the smbsits of 

(„K (^1.£,..., x,{l, Rpx ...Ull,2, .... e}). 

If Vlp.a |Z) contaiBB (q, (1^, D^), (ig, Bg)t 
then wiuier aopropriato couditioBs, M cm concatenate tbej-tfe 
etriwi'' (from left) passed from the level above, to the left or 
right of the current contents of i^-th register of the j-th set 
at the top level, depending on whether « I or E, respectively, 

ooBflguratlon of M is denoted (q, a)f as for the n(k)APA* 
fho n-tuplGo in string « are^ ooiaposed of elements In rather 
than ^ U \ » For a n(k)BJ?A, e Instead of ^ ^ 

an erafJty sogleter, 

The symbol is defined by$ 

(I) If >(q, a, S5) containa (p, 2^^), (a > 1)t then 

as (h» i5ta) (Pt ^i'^0%'^0 **" 

(II) If >(h» a, Z) contains (p, T), then 
a I (ci» Zta) (p* Xta), 

(III) If >(q, a, Z) contains (p, €), then 

a I (q, 2 ((w^^, ^^n1* *•** 

111 (P* ['"ii *•* *13£» **•» 1 

(iv) If '^(df a, 2) eontalna (p, (l^fX»^)t **** C^> 

(q, **** ^*n1* *'** 

l|f (Pt 2 CCy^^f •*.* y^j£;)i 


a t 
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wiifirej 


^13 ” ■'"Id 


* fto d 

23 for d / ig 


V , « 

•^isd 


^ki. 

**» 

respeotiirely 


^3 

4c 


for d / t 


'H 


-^ij: ® I' or'E, 1 < k 1 Bj 


(ir) If p(q, a, Z) oontaiaa (p, (w^, U^), . .,(w^,3^,»jj)) ,tli«J 

a : (dt »»»t •**# Xy^i^.)) a) 


CPf ^ ((y.|i|t **■*§ ♦ iS yiip ) ) a) » 


where 


»id * *13 • 1 »* h 

yaj “ *23 . 3 )* ij 


§ 


ad ” ^'hd * ^ ^ 


y . m 




a» * I« er I, 1 .J. k £ »t respeotiirelyi 


Til© symbol j^ As defiaed from ©motly as for a(k)APl. 
The translation defined by -M, deaotsd '‘C'(M), let 

[(*t, *)|wtCqg, I5 (q, [*,, .... sy ) and * » 

for some t to » 

If M is ©a n(k)BPA, ttaeji Y (M) will be osaitd a B-.tran.elat.ion. 
of order k. ' 
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A clwa of formal models 
for tranalatioiia. 


